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Exponential stability of nonlinear neutral type systems

MICHAEL GIL

Nonlinear neutral type systems with distributed and discrete delays are considered. Explicit
exponential stability conditions are established. The main tool is a combined usage of the recent
norm estimates for the matrix resolvents, the Urysohn theorem and estimates for fundamental
solutions of the linear parts.
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1. Introduction and preliminaries

This paper is devoted to stability analysis of nonlinear neutral type systems with
delay. The stability of neutral type equations was investigated by many authors. The
classical results can be found in [8, 9]. The basic method for the stability analysis is the
direct Lyapunov method. By that method many very strong results are obtained. Mainly,
scalar equations [1, 11, 12] and linear systems [2, 5] were considered. But finding Lya-
punov’s type functionals for nonlinear neutral type systems is usually difficult. The pa-
pers [3, 14] should be mentioned. In these papers, systems with discrete delays have
been investigated. The global exponential stability of periodic solutions for impulsive
neutral-type neural networks with delays have been explored in [13].

In the present paper we suggest the explicit exponential stability conditions for a
class of nonlinear neutral type systems with distributed and discrete delays.

The paper is organized as follows. It consists of 8 sections. In this section we inves-
tigate the linear parts of the systems considered below. In Section 2, the main result is
formulated. The proof of the main result is presented in Section 4. In Sections 4 and 5
we establish auxiliary results, which then are used to illustrate the main result. In Sec-
tion 6 we explore systems whose linear parts have discrete delays. Systems whose linear
parts have distributed delays are investigated in Section 7. The illustrative example is
presented in Section 8.

Let C" be a complex Euclidean n-dimensional space with a scalar product (.,.),,
the unit matrix 7, and the Euclidean norm ||.||, = /(.,.)n. For a linear operator A in C"
(matrix), [|A||, = sup,ccn ||Ax]|,/]x]| is the spectral norm.
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Denote by C(y) = (x,C") the space of continuous functions defined on a set x, C R
with values in C" and the finite norm |[wl|c(,) = sup;ey [[W(t) |- Cl(x) = C'(x,C") is
the space of continuously differentiable functions defined on y with values in C" and the
norm [|wllc1) = [[Wlley) + [Wlle(y), Where w is the derivative of w; L2 () = L*(x,C")
is the space of functions defined on with values in C" and the finite norm

Wl = (o) ] 2.
X

First, consider the linear problem

M n

3(t) — /dﬁ(t)y(t 1= /dR(’t)y(t —1) (1) = %; 0 <1 = const < o3 1> 0), (1)
0 0
¥(1) = 0(t) for —M <1 <0, @)

where ¢ € C'(—n,0) is given; R(s) = (rij(s))} =1 and R(s) = (7j(s))} = are real n x n-

matrix-valued functions defined on [0,n] whose entries have bounded variations
n
var(rij) = /|drjk| < oo and var(7;j) < oe.
0

The integrals in (1) are understood as the Lebesgue - Stieltjes integrals.
We define the variation of R(.) as the matrix

Var(R) = (var(rij))

n
i,j=1>

and denote V (R) := ||[Var(R)||,. So V (R) is the spectral norm of matrix Var (R). Simi-
larly, V (R) is defined. It is assumed that R(n) is invertible and

V(R) < 1. 3)

A solution of problem (1), (2) is an absolutely continuous vector function y(¢) defined
on [—M, ) and satisfying (1) and (2).
The matrix-valued function

n n
K(z) :Iz—z/exp(—zs)dﬁ(s) — /exp(—zs)dR(s) (zeC)
0 0

is the characteristic matrix-valued function to equation (1) and the zeros of det K(A)
are the characteristic values of K(.); A € C is a regular value of K(.), if det K(A) # 0.
Everywhere below it is assumed that all the characteristic values of K(.) are in the
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open left half-plane C_. Below we give some conditions that provide the location of the
characteristic values in C_.

Due to Theorem 3.1.1 from [9, p. 114], under conditions (3) equation (1) is asymp-
totically stable and L?-stable (that is, the inequality (16) below holds), if all the charac-
teristic values of K(.) are in C_. Moreover, the integral

oo

_ % / SO K (iw)do (> 0) @)

G(r):

—oo

exists and the function G(¢) defined by (4) for # > 0 and by G(¢) =0 for —m <7 <O0is
called the fundamental solution to (1). From (4) it follows that G(¢) is a solution to (1)
and G(0) =1, cf. [9].

2. Statement of the main result

Introduce the set Q(r) = {f € C(-m,%) : || fllc(—ne) < r} for a given number
0 < r < oo. Consider the equation

n n

i) — / dR(s)s(t —s) — / dR(t,5)x(t — ) = [FxX|(t) (1 > 0), )

0 0

where F is a continuous mapping Q(r) — C(—n, o), satisfying the following condition:
there is a nondecreasing function v() defined on [0,7], such that

n
IFA@I < [ 17 =5)lhdvis) (¢ 0: € (). ©
0

A (mild) solution of problem (6), (2) is a continuous function x(z) defined on [—1, o),
such that

(1) = 2() + / Gt —1)[F(n)dni (> 0), 7)
0

x(t) = () (m < <0), (8)

where G(t) is the fundamental solution of the linear equation (1) and z(¢) is a solution of
the problem (1), (2).

We will say that the zero solution to equation (5) is exponentially stable, if there are
positive constants ry < r, i1 and €, such that for any ¢ with

[0l (=n.0) < 10, ©)
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problem (5), (2) has at least one solution, and any solution x(z) of that problem satisfies
1x(2)]n < e [[Ollc1 (—n.0) (> 0),

provided (9) holds.

Put 2V(R
Vo = 7(2 and O(K):= sup ||K ' (ie)]],.-
1-V(R) —vo<w<ry

Now we are in a position to formulate our main result.
Theorem 1 Let the conditions (3), (6) and

var(vV)8(K) < 1 (10)
hold. Then the zero solution to (5) is exponentially stable.

This theorem is proved in the next section. Below we give the estimates for 6(K) and
examples.
For instance, (5) can take the form

n _ )
(1) — /X(T)x(t —s)dt— Y Api(t — ) =
0 =1
(11)
/A(S)x(t —s)ds+ iAkx(z — )+ [Fxl(t) (t > 0),
0 =0

where m,m are finite integers; 0 =hy < h; < ... < h, <Mand 0 < %1 <. < E,% < are
constants, Ay, Ay are constant matrices and A(s),A(s) are integrable on [0,1]. Put

" m Y m
Vi= [1AG) s+ Y Akl 71 = [ 1A(5) lnds + Y- 1Al
0 k=0 0 k=1

assuming that V¢ and \~/C are finite. It is not hard to show that in this case V(R) <V and

V(R) < V.

3. Proof of Theorem 1

Foran f € C([-M,T],C"),T < oo, put

Ef(t):/dR(s)f(t—s),Ef(t):/dﬁ(s)f(t—s) 0<1<T).
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Lemma 1 The inequalities

Efllc(—n,11,cn—cor),cr) < vV V (R) (12)

and
IEf 2 ((=n,11.0m— 220,11, <V (R) (13)

are valid.

Proof Let f(t) = (fi(t)){_, € C([-n,T],C"). For each coordinate (Ef);(t) of Ef(t) we

have
n Lo
:y/):fk (t — )dr(s) Z/]dr,k\ max |fi(t—s)| =
o k=1 k=17
n
, t—s)|.
];var(r,k)orgggnlfk( s)|
Hence,

n

NICHICIEED) (Z rilflleinz )

= =1
[Var (R) zc|ls < (var(R)|lzclln)* (0<t<T),
where zc = (|| fkllc—n.1))i=1> lI-llc(=n,r) = lIllc(=n,1,c)- But
lzcllz = Z 1 £ellE .y

nmax||felle ) < nsupZka iz = nll G —n.rcn-

So
IE fllcqo.r.cn < vVavar (R)| flleq—n 1,00

and thus inequality (12) is proved.
Now consider the norm in space L>. We have

T T 0
JIEN OPdr< (R [ 1o =s)ldrus)dr =
0 0 "'

T

Y. ¥ lar(s)ldratsn)] [ 1ite =)t o).
0
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By the Schwarz inequality

2
/\fkt—sf,(z—sl |dt /ysz—syzdz/yﬁz—sl )|2dr <

T T
O RAORE
g I

Thus

i=1k=1

T

n n
JIED OFd < Y Y var(rgvar(rad | flli |l ) =
0

(Z Var(rjk)kaHLz(fn,T))z (kaHLZ(m T) ||fk”L2 —,7],C) )
k=1

and therefore

T
Y. [IEN 0P < X (Y vartril )’ =
J HE

J=1

IVar (R) 223 < (var(R)||z21x)*

where z; is the vector with the coordinates || fi||z2(—n 7). But ||z2/[n = [|fl| 2 (= 71,07
So (13) is also proved. 0

Lemma 2 The equality SUp_..cpc.. ||IK~'(io) ||, = O(K) is valid. Moreover, 8(K) >
IR ()lln-

Proof Without loss of generality assume that R(0—) = 0. We have —K(0) = R(7). Thus

HKil(O)”n = HRil(n)Hn zZ HR(l) > ﬁ In addition,

[l
K (io)xl|n > (|ol(1 =V (R) =V (R))l|xlla > V(R)|xllx (@€ R, |0 >vo; x€C").

So ||k~ (io)]|, < ﬁ < |IK70)|l» (J®| > vo). Thus the maximum of ||[K~!(i®)]|, is

attained on [—vp,vp|. As claimed. 0O

Lemma 3 Let condition (6) hold with r = oo. Then ||[Fw||12(_q 1) < var(V)|wl2(—n.1)
(we L*(-,T)) forany T > 0.
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Proof In the space L?(—, ) of scalar functions w introduce the operator £y by
n
(Eow) (1) = / w(t —1)dv(x).
0
Then using the previous lemma, we have ||Eyw|| 12(0,00) < var(V)||wll2(—nr)- Now (6)

with w(t) = || f(¢)||» implies the required result. 0

Furthermore, use the operator G defined on L?(0, ) by

Gf(r) = [ Gle—n)f(n)dn (f € 12(0.%)),
0
and assume that A
var (V) |G| 2(0.0) < 1. (14)

Lemma 4 Let conditions (3), (14) and (6) with r = oo hold. Then problem (5), (2) has a
solution. Moreover, any solution x(t) of that problem satisfies the inequality

%] 2oy < (1= var(V) Gl 20 o)~ 12l 22(—1e0)- (15)

Proof Take a finite 7 > 0 and define the mapping P by
t
DPw(t) =z(r) —|—/G(t —1)[Fw](t))dt; (0<t<T;weL*0,T)),
0

and ®w(r) = ¢(r) for —m <t < 0. Then by Lemma 3 we have
1DW 2.7y < N0ll22(—n.0) + 12l 2200.7) + 1G]l 120,00 var (V) Wl g2 - 7 -

As it was above mentioned, under condition (3), the linear equation (1) is [*-stable. That
18,

Izl 2(—me0) < €1l|Oflct(—m,0) (c1 = const). (16)

So ® maps L?>(—n,T) into itself. Taking into account that & is compact, due to the
Schauder fixed point theorem, we prove the existence of solutions. Furthermore,

HxHLZ(—n,T) = ||CI’X||L2(—n.,T) < HZHLZ(—n,T) + ”GHLZ(O.,T)VW(V)||x||L2(—n.,T)-

Hence we easily obtain (15). 0
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By the Parseval equality and Lemma 2 we have || G| 12(0.00) = 0(K). Now the previous
lemma implies the inequality

¥l 2y < (1= var(v)B(K)) ™[Izl 12(—00)-
Thus according to (16),
%]l 2 (< 0) < 2|0l 1 (—my0) (€2 = const). (17)

From (5), and Lemmas 1 and 3 it follows that

1%/l 22(0,00) <V (R) X[ 12(—m,00) + (V(R) +var (V) [|x][ 121 o) -

Or

%[l 220,00) <V (R) (¥l 22(0.00) + [l 22(—,0)) + (V(R) + var(V))[Ix]] 12(—n co) -
So due to (3) we obtain
Corollary 1 Under the hypothesis of Lemma 4 we have
1)l 2(000) < (1 =V (R)) ' [(V(R) +var(v)) [xl| 2 0.e) +V R0l 20
The previous corollary and (17) imply the inequality
%012 (0,00) < €310llc1 (—,0) (€3 = const). (18)
We need the following simple result.
Lemma 5 Let f € L*(0,%) and f € L*(0,). Then Hf||%(o7°o) < 2||fHL2(o,m)||fHL2(o,m)-
For the proof see [7, Lemma 7.7]. This lemma, (16) and (17) imply the next result.
Lemma 6 Under the hypothesis of Lemma 4, the inequality
[Ixllc(0.0) < call@llcr(—n0) (ca = const) (19)

is valid and therefore the zero solution of (5) is globally stable in the Lyapunov sense.

Proof of Theorem 1 Substituting
x(1) = ye(t)e™ (20)
with an € > 0 into (5), we obtain the equation

Ve — €y — E&ﬁ)}e + EE&EYS = E¢ pye + FeYe, (21)
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where
n n
(Egz/)() :/eﬂdrﬁ(lyf)f(f—f)y(Es,Rf)(f) :/emdrR(t,l’)f(t—r)
0 0

and [Ff](t) = €¥[F (e ¥ f)](t). By (6) with r = e we have

n n
(Fef1e) < € [ &g =)lludv < e [ £ =9)llav.
0 0

Taking € sufficiently small and applying our above arguments to equation (21), according
to (19), we obtain

[Vellc0,) < cellOllct(—n0) (ce = const). (22)
Now (20) implies

\%

() llcoe) < celldllcr(—noe™ (> 0). (23)

So in the case r = oo, the theorem is proved.
Now let r < oo, By the Urysohn theorem [4, p. 15], there is a continuous scalar-valued
function y, defined on C(0, o), such that

¥ () =1 ([IFllcoe) <) and w:(f) =0 ([IFllcioe) > )

Put [F.f](t) = y,(f)[F f](z). Clearly, F, satisfies (6) for all f € C(—m,ec). Consider the
equation _
X—Ex=Ex+Fx. 24)

The solution of (24) denote by x,. For a sufficiently small €, according to (23), we have
[ (t) |l c(0,00) < €ellOllct (= 0- If We take [|§]|ct(—n,0) < 7/ce, then Fx, = Fx and equa-
tions (5) and (24) coincide. This and (23) prove the theorem. 0

4. Estimates for 6(K)

For an n x n-matrix A, A¢(A) (k= 1,...,n) denote the eigenvalues of A numerated in
an arbitrary order with their multiplicities, A* is the adjoint to A and A~ is the inverse
to A. N2(A) is the Hilbert-Schmidt (Frobenius) norm of A: N3(A) = Trace AA*, A} =
(A —A*)/2i is the imaginary component.

The following quantity plays a key role in the sequel:

g(A) Z ()12,
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It is not hard to check that g?(A) < N?(A) — |Trace A?|. In Section 2.2 of [6] it is proved
that
g°(A) <2N3(A;) and g(e"A+zI) = g(A) (25)

forallt € Rand z € C. If A| and A; are commuting matrices, then
8(A1+Az) <g(Ar) +g(A2). (26)
From Corollary 2.1.2 [6], it follows that for any invertible n X n-matrix A, the inequality
n—1 k
- g'(4)
AT <Y —=—F— 27
is true, where p(A) is the smallest modulus of the eigenvalues of A: p(A) =

mink:17...,n ‘}\'k(A)‘

Put
| n

B(z) = /z exp(—zs)dﬁ(s)+/exp(—zs)dR(s).
0 0

So K(z) =zl — B(z). By (25) g(B(z)) = g(K(z)). Thanks to (27), for any regular value z
of K(.), the inequality
11K (2)] ™' [ln <T(K(2) (z€ C) (28)

is valid, where
“ 8(Bk)

[(K(2)) :l;)\/l?mﬂ—l(K(z))

and p(K(z)) is the smallest absolute value of the eigenvalues of K(z):

P(K(2)) = min [A(K ().

)

If B(z) is a normal matrix, then g(B(z)) =0, and ||[K(z)]~!||, < p~'(K(z)). For exam-
ple, that inequality holds, if K(z) = z/ — Aze ™ — Ae~™ where A and A are Hermitian
matrices.

Furthermore, from (28) the inequality

0(K) <TI'o(K), where I')(K) := sup I'(K(iw)) (29)

—1p <OV
follows. Thus due to Theorem 1 we arrive at the following result.
Theorem 2 Let all the zeros of K be in C_ and the conditions (3), (6) and
var(v)I'h(K) < 1 (30)

hold. Then the zero solution to equation (5) is exponentially stable.
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Denote
g(B):= sup g(B(im))and p(K):= inf p(K(im)).
Q)E[*V(),V()] (DE[—V(),V()]

Then we have

. . ol gk(B)
FK<FK,WhereFK::E .
0( ) ( ) ( ) kzo\/lg[’jk—i_l(ﬁr)

(31
Now Theorem 2 implies

Corollary 2 Let all the zeros of K be in C_ and the conditions (3), and gI'(K) < 1 hold.
Then the zero solution to equation (5) is exponentially stable.

Thanks to the definition of g(A), for all ® € R one can write

g(B(io)) < Na(B(iw)) < v/nl|B(iw) [ln < v/n(|0|V (R) +V (R)). (32)

The sharper estimates for g(B(i®)) under additional conditions are given below.

5. Auxiliary results

In this section we investigate scalar quasi-polynomials. The results obtained in this
section will be used in the rest of the paper. Consider the function

n n
k@zzlf/}ﬂ@ +/f%w@e©, (33)
0 0
where p = u(t) and u = p(t) are nondecreasing functions defined on [0,m], with
0 <var(u) < 1 and var(u) < co. (34)
Put
2 var(u)
Vi=T——=.
1 —var(p)

Lemma 7 The equality inf_..<p<e [k(i®)| = inf_,, <oy, [k(i®)| is valid.
Proof We have —k(0) = var(u). In addition,
k(i) > [o] (1 = var (7)) —var (1) > var() (© € R, |o] > v).

Thus the minimum of |k(i®)| is attained on [—v;,v;]. As claimed. 0O

Put

n
E(z) =z+ /exp(—zs)dy(s) (zeC).
0
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Lemma 8 Letvar(u) <n/4. Then all the zeros of §(z) are in C_ and infyer |§(i®)| >
d, where

N

n
d:= /cos(Zvar(y)’c)dy(’c).
0

Proof Put v, = var(u) and

n
E(m,2) =2+ (1=m)va-+m [ exp(~z2)du() (m € [0,1)

0

We have &(m,0) = var(u) = v,. So according to the previous lemma,

f Emio) = inf |
Inf [S(m,iw)| = inf  |&(m )]

In particular, inf_s,,<o<2v, |§(i0)| = infyer |§(io)|. But
n
1E(m, i) 2 = |io>+ va(1 — m) +m/e*ff°°dy(c)|2 _
0

n n

(@—m / sin (t0)du(x))2 + (va(1 —m) +m / cos (10)du(x))? > wi(m) (|o| < 2v),
0 0
where
n
w(m) =vy(1 —m) -l-m/cos (2tv2)du(T).
0

The derivative of w(m) is non-positive. So w(m) > w(1) = d. Thus

inf [§(m,io)| = inf_ [§(m,i0)] >d (me [0,1)). (35)

21 <02y,

Furthermore, assume that &(z) has a zero in the closed right hand plane C.. Since
&(0,z) = z+v does not have zeros in C, &(my,is) (» € R) should have a zero for some
my, according to continuous dependence of zeros on coefficients. But according to (35)
this is impossible. The proof is complete. 0

Lemma 9 Let the conditions (34),

nvy <m/2 (36)
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and
n n
do = /cos(vl’c)d,u— Vi /sin(vl’c)dﬁ >0 (37)
0 0

hold. Then all the zeros of k(.) are in C_ and

inf  |k(i®)| > do > 0. (38)

Proof Clearly, Re k(i) = — [y sin(wt)du+ [y cos(wt)du. Hence, with |@| < vy, we
have

n n
|Re k(im)| = Re k(i®) > —v; /sin(vlr)dﬁ+ /cos(vl’c)d,u =dy > 0.
0 0

This proves (38). Furthermore, put g2(z) = —z Jy' e %du and k(m,z) = &(z) +mga(z),
0 <m < 1. According to Lemma 7, infoer [k(m,i®)| = inf_, <p<,, [k(m,i®)|. Hence,
due to (38),

n n
le(m, i) > / cos(vit)du — mv, / sin(vit)di > do (0 € R). (39)
0 0

Furthermore, assume that k(z) has a zero in the closed right hand plane C ;. By Lemma
8 k(0,z) = &(z) does not zeros in C.. So k(my,i®) (® € R) should have a zero for some
mg € (0, 1], according to continuous dependence of zeros on coefficients. But due to to
(39) this is impossible. The proof is complete. 0

For instance, consider the function
ki(z) =z(1—ae ™) +ae ™ +b

with a,b,h,h = const >0, and 0 < @ < 1. Then v; = 2(a+ b)(1 —a)~". Furthermore,
due to Lemma 9 we arrive at the following result.

Corollary 3 Assume that the conditions
hvy < T0/2,hv) < /2 (40)

and ~
dy :=acos(vih)+b—via sin(vih) > 0. (41)

Then all the zeros of ki(.) are in C_ and inf_..c <o |k(i0)| > d; > 0.
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6. Linear parts with discrete delays

Let A = (aji),A = (aj) and C = (cjx) be n x n— matrices. Consider the equation
3(t) = AY(t = h) +Ay(t = h) +Cy(t) = [F>](¢) (1> 0), (42)

assuming that ||A||, < 1. So K(z) = z([—ge*fﬁz) +Ae~" 4 C. The entries of K are

kik(z) = z(1 —ajwe™"™) +ajee ™ +cj.

Thanks to the Hadamard criterion [10], any characteristic value A of K(z) satisfies the
inequality

Hence we have

p(K(z) > min (k)= ¥ [km(@)]); (43)

j=1l,...n

provided the right-hand part is positive. Furthermore, in the case (42) we have V(R) =
1Alln. V(R) = [[Alln+ [Cll. vo = 2(|A[l + ICI))(1 — [|A]})~". In addition,

2(K(2)) = g(B(2)) = g(—zAe ™ + A" +C).

Hence, by (25)

g(B(im)) »(B(iw) — B*(im)) <

1
< —=N;
V2

1 - = . ~
— [|o|N2(e A + M A*) + Ny (e A — " A*) + N> (C - C7)).
V2
One can use also the relation g(B(i®)) = g(¢*B(iw)) for all real s and ®. In particular,
taking s = —h+m/2, we have by (25)

1
V2

If A is self-adjoint, then

g(B(i®)) < —=[|0|Na (A — A") + Ny (e~ =Pog (im0 g5y | N, (Celho | p=ihoc)).

1 . ~ ) ~ ~ ~
g(B(l(l))) < E[Nz(e_l(h_h)mA—}—el(h_h)wA*) —l—Nz(Celhm—i—e_lth*)].

Hence,
g(B(im)) < V2[N2(A) + N2 (C)] (0 € R). (44)
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For example, consider the system
n
yit) —ajy(t Z ajiyi(t —h) +ciyi(t)) = [Fiyl(t), (45)
(j=1,...,n; t > 0), where [F;y|(t) are coordinates of [Fy](¢), and suppose that
ajj,ij>0,0<ajj<1 (JZI,,H) (46)
So A = diag (aj;). Then (43) implies
n
p(K(i®)) > min | |k;;(iw)] Z (lajm| + |cjml) 47)
j=1l,...n m=1msj
Put
o= 2ajj+ej))
j - ~
1 —ajj
and assume that
vjmax{h,ﬁ} <mn/2andd;:=ajjcos(vjh)+cjj— vjﬁsin(vjﬁ) >0 (48)
(j=1,...,n). Then by Corollary 3 all the zeros of k;;(.) are in C_ and
: o) > ds S 0.
_wg£<w|k]](l®)| >dj>0
In addition, let
n
pa:= min (dj— . (lam|+lejnl)) >0, (49)
J=1on m=1,m#j
then according to (44) we get
= N (C
Lo = Z \/‘ —’1:+12( s '
k=0 klp,

Now Theorem 2 yields our next result.

Corollary 4 Let conditions (46), (48) and (49) be fulfilled. Then the zero solution to

system (45) is exponentially stable, provided var(v)T'y < 1.
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7. Linear parts with distributed delays

Let us consider the equation
_ n n
A [5e=9)dii9)+A [ 1= s)du(s) = [F@0) (>0, (50)
0 0

where A and A are n x n— matrices with ||A||, < 1, and u,[i are scalar nondecreasing
functions, again. Without loss of generality suppose that

var(u) = var(u) = 1. (51)

So in the considered case R(s) = u(s)A,R(s) = fi(s)A,
n n
K() =2l A [ e =dji(s) +A [ e duls),
0 0

V(R) = ||Al|n, V(ﬁ) = HKHH and vo = 2||A||,(1 — HKH,,)*1 Moreover,

8(K) = sup g(B(io)) < N2(A) +voNa(A).
‘(.0‘<V0
If the both matrices A and A are self-adjoint, then B(z) is normal and g(K) = 0. If
_ n
K(z) =2 —zAe™™ +A/efmd,u(s), (52)
then by (25) g(B(i®)) = g(ie'®"B(io)) <

f

Consequently, in the case (52) we get

(0N (A=A +-No( [ € Pd(s)a+ [ o Pau(s)a)).
0

8(K) < “LNp(A—A%) + V2N (A).

V2

Now we can directly apply Corollary 2.
In the rest of this section we suppose that A and A commute. So the eigenvalues of
K can be written as

n n
M(K(2) =2z / S dHi(s)h;(A) + / e S duls)
0 0
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and, in addition, according to (26), g(B(i®)) < |®|g(A) + g(A). So
2(B(i)) < g(A,A) := vog(A) +g(A4) (0 € [~vo,v0)).

If A is normal, then g(A) = 0, and g(A,A) = g(A), if A is normal, then g(A,A) = g(A).
If the both A and A are normal commuting matrices, then g(A, A) 0.

Furthermore, suppose A¢(A) and A¢(A) (k = 1,...,n) are positive and put
20 (A)
Ve — ——=.
1 =2 (A)

If
n n
Nvk < 1t/2 and di (u, 1) := A (A /cos T )du — vk (A /s (tvi)du >0, (53)
0 0

(k=1,...,n), then by Corollary 3 all the characteristic values of K are in C_ and

inf |7“ (K(i®))| = deom = mkindk(,u,ﬁ) (j=1,...,n).

oweR

So
f(K) com

Now Corollary 2 implies

Corollary 5 Let A and A be commuting matrices with positive eigenvalues. Let the con-
ditions (51), (53) and qTcom(K) < 1 be fulfilled. Then the zero solution to equation (50)
is exponentially stable.

8. Example

Consider the system
3j(t) — ax;(t —h) + Z cipn(t) = [Fi(r) (j=1,2:1>0), (54)
k=1
where 0 <a < 1,0 <h <1, cj are real and

1

[ij](t):qjxf‘(t—h)—i—/m (s)x52(t —s)ds (q; = const > 0; p; > 1)
0
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with integrable functions m; (j = 1,2). For continuous scalar functions fi, f> defined
on [—h,oo) and a finite r > 0 we have

1

F O] < g file —h)| 47727 / [mj($)[|f2(e =s)lds (|f;(0)| <r; 1205 j=1,2).
0

Hence, omitting simple calculations, we obtain inequality (6) with n =2, =1 and
var(v) < g, where

1 1
= ! [l (5)lds)?+ (e ! [ o) lds)?,
0 0

Furthermore, we have K (z) = z(1 —ae~")I+C with C = (cjx) , B(z) = —ae~*"I+C and

by (25), g(B(z)) = 8(C) < gc
K are

|c12 — ¢21]. Since A and C commute, the eigenvalues of

Aj(K(2)) =z—zae ¥ +4;(C).
Suppose A, (C) (k= 1,2) are positive and put

2M(C)
Vi = .
1—a
If
hvi < /2 and di := M (C) — weasin (hvg) >0 (k=1,2), (55)

then by Corollary 3, the characteristic values of K are in C_, and

inf |A(K(iw))| > d := min d.
Inf |A(K(i0))] min, d

So

e~ 1
r(K)<r:_A<1+g‘f>.
i\ " d

Thanks to Corollary 2 we can assert that the zero solution to system (45) is exponentially
stable provided the conditions (55) and 4I" < 1 hold.

9. Concluding remarks

In this paper we have established the explicit exponential stability conditions for a
wide class of neutral systems. As the example shows, in appropriate situations we can
avoid constructing the Lyapunov functionals.
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