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Abstract. The aim of this paper is developing an exact solution for the problem of axisymmetrical flow of unsteady motion of micropolar
fluid in the half-space when the shear stresses are given on the boundary. The Laplace-Hankel transform technique is used to solve this
problem. Some physical quantities such as velocities, pressure and microrotations are obtained and illustrated numerically.
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1. Introduction

The Newtonian relationships cannot be characterized to ex-
plain the behaviour of materials in shear. Eringen [1] proposed
the basics of the theory of micropolar fluids display the ef-
fects of couple stresses, body couples and local rotary inertia.
This theory might serve as a satisfactory model for describing
the flow properties of polymeric fluids, liquid crystals which
are made up of dumbbell molecules, animal blood and fluids
containing certain additives.

El-Sirafy [3] generalized the results of the solution of the
homogeneous Navier-Stokes equations in the half-plane for
the slow motion of viscous incompressible fluids to the class
of the micropolar fluids for the case of the given shear stresses
on the boundary. El-Sirafy and Abdel-Moneim [4] investigat-
ed the unsteady two-dimensional motion of micropolar fluid
within the half-plane due to the sudden motion of its hor-
izontal boundary. Gorla et al. [5] presented a study on the
effects of buoyancy on forced convection on an axisymmetric
stagnation flow of micropolar fluids over a vertical cylinder
with constant or linear variation of surface heat flux condi-
tions. Faltas et al. [7] considered the problem of the steady-
state axisymmetric flow of an incompressible micropolar fluid
past two spherical particles. Under the Stokes flow approxi-
mation, they obtained a general solution which is construct-
ed using superposition of the basic solutions in two moving
spherical coordinate systems based on the centers of the par-
ticles. Lok et al. [8] studied the unsteady mixed convection
boundary-layer flow of a micropolar fluid near the region of
the stagnation point on a double-infinite vertical flat plate.
Extensive reviews for the mathematical theory of equations
and applications of micropolar fluids can be found in books
by Lukaszewicz [10] and Eringen [2].

The aim of this paper is developing an exact solution for
the problem of axisymmetrical flow of unsteady micropolar
fluid in the half-space when the shear stresses are given on the
boundary. The Laplace-Hankel transform technique is used to
solve this problem. Some physical quantities such as veloc-
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ities, microrotation and pressure are obtained and illustrated
numerically. This boundary problem could be met in the study
of the flow near a solid boundary which is not wet by the given
micropolar fluid.

Nomenclature

H(t) Heaviside function

D pressure

t time ......cocceeee s

p fluid density ................. kg m~3

u(r,y,t), horizontal and normal components of the velocity along
v(r,y,t) the r- and y-directions, respectively ................. ms~!
o7 spin gradient ViSCOSIty ................. kg ms—1

o classical shear viscosity coefficient ................. kgm~1s—1
K VOIteX ViSCOSItY ......c.cceeewe. kgm~1 1

J microinertia per unit mass ................. m?

A second order viscosity coefficient

a, B viscosity coefficients

l micropolar length parameter ................. m

n MICTOrotation ................. st

yr, Ty shear stresses

o(t) Dirac delta function of ¢

The dimensions considered in Nomenclature are presented
in Lok et al. [8].

The rest of this paper is organized as follows: Sec. 2
presents the problem formulation. A solution methodology
is developed in Sec. 3. A numerical results is presented in
Sec. 4. A conclusion for this work is presented at the end in
Sec. 5.

2. Problem formulation

The field equations of the micropolar fluid given by Erin-

gen [1] are as follows:

Conservation of mass
@

En +V.p¢ =0.
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Balance of momentum

_ —
Vp=A+2u+r)V(V.¢)+pf
7 2)
a—q—l-mVxﬁ.

—(u+R) VX (VX Q)= p—

Balance of angular momentum
—
Py = (a+08+7v)V (V.N) — 9V x (V X N) 3)
+kV X ¢ — 24N +p7,

where p is the fluid density, N = (N1, N3, N3) is the mi-
crorotation, ¢ = (q1, g2, g3) is the velocity, 7 = (f1, f2, f3)
is the body force per unit mass, and ¢ = (g1, g2, g3) is the
body couple per unit mass. The material’s constants A and p
are the classical viscosity coefficients, and « , 3, v and & are
the viscosity coefficients for micropolar fluids.

Neglecting the thermal effect the material constants «, (3,
v, A, i, k have to satisfy the following inequalities

Kk >0, 3AN+2u+K>0
v =16, 3a+3+7>0

The problem under consideration we confine ourselves for
studying equations governing the flow of an incompressible
micropolar fluid in the absence of body force and body couple
are given by

2u+ Kk >0,
v 20,

V. ¢ =0, “)

Vp=—(u+k)V x(Vx q)*p§+I€VXN, 3)
N _ v (V.N

pi—p =(a+p5+7) ( : )

f’ny(Vxﬁ)Jran?—Qﬁﬁ.

(6)

This model contains as a special case the classical mod-
el of Navier and Stokes. In case of « = 3 = v =k = 0,
microrotation N becomes zero. Also note that for k = 0,
the velocity ¢ and the microrotation N are uncoupled and
the global motion is unaffected by the microrotations (see,
Lukaszewicz [10], Eringen [2]). Hence, Eq. (5) reduces to
the Navier-Stokes equations which takes the form
0q ;
P o (7
Since V x (V x ¢) = V(V.¢) — V¢, then Eq. (7)
takes the form

Vp=—uV x(Vx7q)

9q
P 3)
Equations (4) and (8) represent the Navier-Stokes equa-
tions. The linearized Navier-Stokes equations of two-
dimensional unsteady motion of an incompressible flu-
id in the upper half-plane (—co <2 < oo, y>0|t>0)
are the same Eqgs. (4) and (8). But in this case, ¢ =
(u(z,y,t),v(x,y,t),0), where u(x, y,t) and v(zx, y, t) are the
tangential and normal components of the velocity respective-
ly. These are the Navier-Stokes equations in Cartestian coor-
dinates for the considered problem.

Vp =puV>q
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For the problem under consideration, the suitable coor-
dinates will be cylindrical polar coordinate system (r,0,y).
Cylindrical coordinates are chosen to take advantage of sym-
metry, so that a velocity component can disappear. Axisym-
metric flow with the assumption of no tangential velocity and
the remaining quantities are independent of 6. The y-axis is
taken perpendicular to the bounding zz-plane as the axis of
symmetry. The flow components is shown schematically in
Fig. 1. For the axisymmetrical motion of an incompressible
micropolar fluid, the velocity and microrotation vectors are
taken the form

? = (u(,r?y’t)? 07 U(T7y’t))’

N = (0, n(r,y,1), 0),

where the velocity components v and v are taken to be in the
direction of r and y axes, respectively.

A

y
Axis of symmetry

N\

v(ryt)

n(r,y,t)

z u(ry,t)

r
Fig. 1. Physical model and coordinate system

In the absence of both external forces and body cou-
ples the linearized equations of axisymmetrical motion of
an incompressible micropolar fluid in the upper half-space
(0<r<oo,y>0]|t>0)are

op . ou on
gy = (R AT u— g g ©)
op dv k0
a—y*(lﬂr"ﬁ)ﬁvfpaf;a(m)a (10)
.on . ov Ou
p]affyA n2/<m+/<z<8 ay)’ (11)
where
1 0? 10 0?
N =N——= AN=—+—-———+4+—
r2’ or? + r Or + Oy?
The equation of continuity is
10 v

Bull. Pol. Ac.: Tech. 64(1) 2016



I

www.czasopisma.pan.pl P N www.journals.pan.pl

On axisymmetrical boundary problem of unsteady motion of micropolar fluid in the half-space

where 7, p, £, j are viscosity coefficients, p(r, y) is the pres-
sure and the components of the shear stresses yr and 7y are
given by

_ ou ov
yr:(u+ﬁ)—+u§+m,

dy
(13)
gy = ( —l—/@)%—i— @—fm
The boundary conditions are
v (r,0,t) =0,
n(r,0,t) =0,
% . gﬂyzo . @|y:0 . aG(T, t) (14)
Ylyeg HHr m or
u(r,00,t) = v (r,00,t) =n(r,00,t) =0,
where G (r,t) is a given function.
The initial conditions are
u(r,y,0) =v(r,y,0) =n(r,y,0) = 0. (15)

3. Solution methodology

Introduce two real functions ¢ (r,y,t) and 9 (r,y, t) such that

0 0
w(ryt) =224 20
or oy’
(16)
vy t) =32~ 22 (ry)
%= Oy ror '
The equation of continuity (12) gives
Ap = 0. 17)

Substituting from (16) in the system (9)—(11) and observing

that
dp 0

o or
10 10
A[r@r (7"1/1)} T ror

We can write

A Ao, (18)

[r A 4] 19)

0 Oy
B [p—(u+%)Aw+pE}

10 0
=-_3 {7’ <(u+n) A*z/fpa—:er/in)]

0 Op
g [p—(qu%)AsoerE}

0 oY
= — N ) — p— .
Thus the system (9)—(12) is equivalent to
dp
p= 7/)%7
Ap =0,

(20)
2

(4 1) A% = p2 4k =0,

5 (22)
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HA*Q/}+pj%+2nn v AN n=0.

Using the technique of Laplace-Hankel transform

oo oo

5@\ = / N / o (r, . 1) o (qr) drdt,
0
o+i00
o (ryt) = —— / A
9 b 2
o—100

- 0
{Z;(q’y, / /1/) ryy,t)rJy (gr) drdt,
0 0

o

2 (q,y,A) qJo (gr) dgd,

o+i00
¥ (r,y,t) =5 / /w ¢, y, A) ¢J1 (gqr) dgd,
0N = [ [yt ) drdt,
0 0
1 o+i00 (e’
n(ryt)=5— M [ 7 (g, y, \) g1 (qr) dgd),
o—100 0
o+i00 (e’

G(rt)= L / e’\t/é (g, \) qJo (qr) dgd,

211

T—1i00
00

- e
0

and knowing that

0
00

/G (ryt)rJo (gr) drdt.
0

1 (r0) = 2 o ).
()] = 1 ().

o0

/ / (D (ryy, t)] rdo (gr) drdt
0

:QO —q @(qua)\%

/ / (A% (ryy, )] iy (qr) drdt
0 0
=4 — P (q.y,N).

The system (21)—(23) become
7 -3 =0,
(u+r)0" = [(+5)q* + pA] & + kit = 0,
- (vq® + 26+ pjA) 1 — ki + kg* = 0.
Now we may take as a trial solution
U= Ae,

7= Be %Y, p=Ce %,

(23)

(24)

(25)

(26)

27)

(28)
(29)

(30)

(€2
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By substituting from (31) into (29), (30), we get
[(k+r)(P—¢°)—pA| A+ KB =0,
k(=) A+ [v (P —¢*) — 26+ pjN)] B =0.

Then the condition for a nonzero solution is

Y (=) - (% + piX+ ﬂ) (SN
n+ kK (32)

Here for the simplification we confine our study to a spe-
cial class of fluids in which the spin gradient viscosity j is
assumed to be a constant and given by

2y

2+ K

This latter relation is imposed to allow the field equations
to predict the correct behavior in the limiting case when mi-
crostructure effects become negligible and microrotation re-
duces to the angular velocity. Many authors have assumed that
special class of fluids, see Kline and Allen [9], Ahmadi [11],
Allen and Kline [12], and Rees and Bassom [13].

Consider the parameters

v Vi B K

2(2p+ k)
The parameter [ measures the relative length of the fluid mi-
crostructure. The value of [ reflects the microscopic properties
of the fluid. The parameter M, 0 < M < 1 characterizes cou-
pling between the vortex viscosity coefficient x and the shear
viscosity coefficient ;. For more details, see [14].

If the value of the parameter M — 0, then the equa-
tions of momentum (5) and angular momentum (6) become
independent of each other and the first one transforms into a
classical Navier-Stokes equation for Newtonian fluid [14].

The roots of Eq. (32) are given by

Jj= (33)

2’ Vot k'

G=¢+ap), G=¢+bpr+c, (34)
where
2 1 2bk
= , b= , c=—.
2u+ K J ay
The boundary conditions (14) become
dc -
Z —ab@on =0, (35)
Yly=0
d*p .42 >
=5 = _qG (qa )‘) 5 (36)
dy? S dy =0
7(q,0,\) = 0. (37)
Thus, after some calculations we obtain
~ G(gN A -
A) = ay 38
SD (Q7 y’ ) b )\ Y ( )
~ 1| G JA) Kb% _
Y (q,y,A) = -3 qu SVt Ti(q,y,N) |, (39)
PA
54

cqG (q,)\)

ot ) = — -Gy _ ,—Cy 40
CHTRY T2 (oh— o) © e~Y) | (40)

where .

Co = P b
Assume that
G (7“, t) = HoH (t) H (6 - T)a 401
1 O0<r<e

H(e—1r)= -, 42
(€ ) { 0 r>€ (42)

w = —HyH (t)d (e —r), H(t) is the Heavi-

side function and Hj is a constant.
Thus

where

H()GJ 1 (qe)
Aq
Using Laplace-Hankel transform, we get after some cal-
culation

G(q,\) = (43)

H()et
bp

o (ry,t) = / deVJo (qr) J1 (e dg,  (44)

qT’ Jl qe) [M (y,t,q,a,0,0)

"0 (45)
_M (y7 ta q, ba 07 C)

-M (ya t7 q,a,Co, 0) + M(y7 ta q, ba Co, C)] dq;

n(ry,t

Kb
w (’I", Y, t) =Nyo (T7 Y, t) - ?’I’L (’I“, Y, t) ) (46)
where
P 0+iooe)\t—\/q2+ap)\+6y
M ,t , O, 5 — d>‘a
(y,t,q,, 3,0) = i - @
c=ReA>0
can be put in the form [6]:
M(yatv%aaﬂaa):MJr(yvta(Lavﬂvé) (48)
+M— (ya t7 q, Q, ﬁa 6)7
Mz (y,t,q, 0, 3,0) = %eiv Cad oyt
(49)
y |ap t
cerfe| 24/ — &+ 2 —
er 0(2’/ . \/(q —l—aﬁ—i—é)ap),
o0
7H()€
no (T7 Y, t) = bp qu (q’r) Jl (qﬁ) Po(y, t7 q)dq7 (50)
0
where
1 U+iooe>\t—\/q2+apky
P, t ——d\
0 (ya Q) 27T’L - )\2
a o —100 (51)
= pélg%)%M (yvtaQ7aa6ﬂ0)

=Py (y,t,q) +P_(y,t,q),
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where

t t
Pi(y,t,q)= geiqy erf ¢ (%’ / %iq, / a_p) [;ig—:] . (52)

To calculate the stream function , we obtain from (44)

¢ _ Hoet [ —qy 9 (Jo (1))
or  bp /qe or J1(ge) dg

0

where
H [ee]
€t
o (r.0) = T [ 4 (ar) 2 (ae)
0
Then
= — ) 53
"=, (¥ + o) (53)
Also,
0 (r,y.t)  Hoet [
wAr, y7t QGt 2 —qy
= — J J d .
3y by /qe 0 (qr) J1 (ge) dq
0
Using (25), we get
Op Hyet T e A (rJy (qr))
kA d
oy bp /q r or Ji(ge) dg
0
10 OoH et _
e |7 [ e o) (0 d
0
10
= T~ « T at
~5, (e (g, 1)
and from (16)
10
=——— <) 54
V= [+ ) (54)
Thus we can write
ov 10
= — =——(r¥
“ Ay’ r or (r®),
where the stream function W is given by
v = ’lﬂ(?‘,y,t) + P (T,y,t). (55)
From (20) and (44), the pressure is given by
[ee]
Hye
pr9) == [ae o (@) S (@) dg 50
0

i.e., the pressure in this case is a function independent of .

4. Numerical results

The horizontal velocity u (r,y,t) given by Eq. (53), the ver-
tical velocity v (r,y, t) given by Eq. (54), the stream function
U (r,y,t) given by Eq. (55), the microrotation n (r,y,t) giv-
en by Eq. (45), the shear stresses 37 and 7% given by Eq. (13),
and the pressure p (r,y) given by Eq. (48) are implemented
numerically for different values of r, y, t.

For the computational work, a Matlab and Mathcad pro-
gram are used to invert the transform in order to obtain the
results in the physical domain, the following material con-
stants are considered

Bull. Pol. Ac.: Tech. 64(1) 2016

1

! v=105kgms ',

k=0.1kgm 's7!,
pw=0.05kg m s p=1.05kg m™3,
¢=0.05  Hy=0.001.

Figures 2-5 illustrate the stream function ¥ (r,y,t) with
one of the independent parameters r, y, and ¢ when values are
given for the other two variables. The variation of the horizon-
tal velocity u (r,y, t) versus one of the parameters r, y, ¢ for
different values of the other two parameters are shown in the
plots presented in Figs. 6-9. Figures 10—13 show the variation
of the normal velocity v (r,y,t) with one of the parameters
r, y, t for different values of the other two parameters. Fig-
ures 14—19 display the variation of the microrotation n (7, y, t)
versus one of the parameters r, y, ¢ for different values of the
other two parameters. The variations of the shear stresses yr
and 7y with one of the parameters r, y, t for different values
of the other two parameters are depicted in Figs. 20-27. The
pressure p (r,y) does not depend on time and it depends only
on r and ¢. Figures 28-29 display the pressure versus r and y.

Figures 30-39 are three dimensional plots to display the
stream function, the velocity components, pressure, microro-
tation, and shear stresses with r and y. Figures 30 and 31
display the stream function with different scales for r and y.
Similarly, Figs. 34 and 35 illustarte the pressure and Figs. 36
and 37 display the microrotation with different scales for r
and y.

4 T T

35+ -

3 i

y=05 T

/

Stream function Epsi

0
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 18 2

Fig. 2. Variation of the stream function W (r,y,t) with r

r=0.5
251 / t=0.2,04,06 B

Stream function Epsi

Fig. 3. Variation of the stream function ¥ (r,y,t) with y
55
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Stream function Epsi

Stream function Epsi

Horizontal Velocity u
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y=1
r=0.2,04,0.6

y=15
t=0.2,0.4,0.6

0 0.2 0.4 0.6 0.8 1 12 14 16
r

Fig. 6. Variation of the horizontal velocity u (r,y,t)

with r

Horizontal Velocity u

Horizontal Velocity u

Horizontal Velocity u

x10°

.

0 0.1

0.2

03

0.4

0.5
r

0.6

0.7

0.8

0.9 1

Fig. 7. Variation of the horizontal velocity u (r,y,t) with

4 !

[ 01

0.2

0.3

04

|
0.5
y

0.6

0.7

0.8

0.9 1

Fig. 8. Variation of the horizontal velocity u (r,y,t) with y

r=0.5

t=0.2,04,0.6

e,

0 0.1

Fig. 9. Variation

0.2

0.3

of the horizontal velocity u (r,y,t) with y
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0 0.2 04 0.6 0.8 1 12 14 1.6 18 2 0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1
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Fig. 10. Variation of the normal velocity v (7", Y, t) with 7 Fig. 13. Variation of the normal velocity v (r, y, t) with y
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Fig. 11. Variation of the normal velocity v (r,y,t) with y Fig. 14. Variation of the microrotation n (r, y,t) with r
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0.5

z t=05 1 s 7
8 = E=] r=0.5
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Fig. 12. Variation of the normal velocity v (r,y,t) with r Fig. 15. Variation of the microrotation n (r,y,t) with y
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Fig. 22. Variation of the shear stress 7y with r
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Fig. 24. Variation of the shear stress y7 with r

Bull. Pol. Ac.: Tech. 64(1) 2016

Shear Stress yr

Shear Stress ry

Shear Stress ry

4 t=05 |
r=0.2,04,06
2 J
Al J
4 i
sl ]
Il Il Il Il Il Il Il Il
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1
Fig. 25. Variation of the shear stress y7 with y
x 10
35 T T T T T
05 I I I ! I ! ! I !
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 09
r
Fig. 26. Variation of the shear stress 7y with 7
x10
1 T T T T T
-1.5F -
2 I I I I I I ! ! L
0 01 0.2 0.3 0.4 0.5 0.6 0.7 08 0.9
y
Fig. 27. Variation of the shear stress 7y with y

59



0.5

Pressure
iy

LH. El-Sirafy and A.W. Aboutahoun

www.czasopisma.pan.pl P N www.journals.pan.pl

N

y=0.02,0.04,0.06

Stream Function Epsi

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
r

Fig. 28. Variation of the pressure P(r,y) with r

Pressure
L

r=0.02,0.04,0.06

Stream Function Epsi

Fig.

60

Horizontal Velocity u

- L L L 1
[ 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
Y

Fig. 29. Variation of the pressure P(r,y) with y

30. Variation of the stream function ¥(r,y,t) with r and y

when t = 0.5

Normal Velocity v

-
—
——
s
NSNS

02 Fig. 31. Variation of the stream function W(r,y,t) with r and y

when t = 0.5

02 Fig. 32. Variation of the horizontal velocity u(r,y,t) with 7 and y

when t = 0.5

Y r

Fig. 33. Variation of the normal velocity v(r, y, ¢) with r and y when

t=0.5

Bull. Pol. Ac.: Tech. 64(1) 2016



www.czasopisma.pan.pl P N www.journals.pan.pl
P
~—

On axisymmetrical boundary problem of unsteady motion of micropolar fluid in the half-space

Pressure
Microrotation n

:
TR
(IR

5
i

Y r

Fig. 34. Variation of the pressure p(r, y) with 7 and y Fig. 37. Variation of the microrotation n(r,y,t) with 7 and y when
t=20.5

RN
RS
R

TS
)

Pressure
Shear Stress ry

0.54..

0.02
0.02

)
Y r

Fig. 35. Variation of the pressure p(r,y) with r and y Fig. 38. Variation of the sheart stre;sg)ry(r,y,t) with r and y when

4
3
2
2 &
4
2.
N
0.0:
0 0
¥ r
Fig. 36. Variation of the microrotation n(r,y,t) with r and y when  Fig. 39. Variation of the shear stress y7(r,y,t) with r and y when
t=20.5 t=20.5

Bull. Pol. Ac.: Tech. 64(1) 2016 61



www.czasopisma.pan.pl P N www.journals.pan.pl
S

POLSKA AKADEMIA NAUK

LH. El-Sirafy and A.W. Aboutahoun

5. Conclusions

The considered problem in this study is the corresponding
problem to the two dimensional motion which is the axisym-
metrical motion in the upper half-space. In this motion, the
fluid particles move in planes passing through a certain line
called the axis of symmetry and the motion in all such planes
is identical. The problem of axisymmetrical flow of unsteady
micropolar fluid in the half-space when the shear stresses
are given on the boundary has been considered in this pa-
per. An exact solution for this problem using the Laplace-
Hankel transform technique is obtained. Numerical results for
the stream function, velocity components, microrotation, pres-
sure, and shear stresses components are presented in graphs
in two and three dimension spaces for various parameter con-
ditions.
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