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Abstract. Various models of a projectile in a resisting medium are used. Some are very simple, like the “point mass trajectory model”,
others, like the “rigid body trajectory model”, are complex and hard to use, especially in Fire Control Systems due to the fact of numeric
complexity and an excess of less important corrections. There exist intermediate ones — e.g. the “modified point mass trajectory model”,
which unfortunately is given by an implicitly defined differential equation as Sec. 1 discusses. The main objective of this paper is to present a
way to reformulate the model obtaining an easy to solve explicit system having a reasonable complexity yet not being parameter-overloaded.
The final form of the M-model, after being carefully derived in Sec. 2, is presented in Subsec. 2.5.
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1. Preliminaries: physical assumptions ting might be considered highly inaccurate and ambiguous.

and common models To derive equations of motion for aerial objects treated as
rigid bodies mostly Newtonian approach is used, i.e. forces,
momenta or momentum and angular momentum conservation
laws. Examples could be found in [7-9]. Sometimes more in-
volved theoretical mechanics is used, e.g. Lagrangian formu-
lation, see [10], or Boltzmann-Hamel equations like in [11].
In this paper, as it is described, we use a four degree of free-
dom model and to keep things simple — restrict ourselves to
forces and momenta.

1.1. Brief discussion of different ballistic models and their
physical assumptions. We decided to start our work by dis-
cussing physical basics of modelling a projectile’s trajectory
in a resisting medium. Most of the statements in this section
are meant as a preliminary and are made rigorous in progress
of this paper. We discuss the general properties of three typ-
ical models:

e the point mass trajectory model [1], To find a moderately complex solution but still explain-
o the rigid body trajectory model [1-4], ing the drift of a projectile without having to plunge into
e the modified point mass trajectory model [5, 6]. the depths of an over-parametrized troublesome theory the

“modified point mass model” has been derived. Its physical
foundation is to add one degree of freedom to the “point
mass model” and at the same time assume that the moment
of inertia I, = 0. This makes the time of acquiring dynamic
equilibrium infinitesimally short. There are various presenta-
tions of this type of models. The common problem is that
mostly the “modified point mass models” are defined by an
implicit ODE (ordinary differential equation). Implicit ODEs
define the derivative as an implicit function, i.e. the zero point
of a complicated expression. That makes such models hard to
solve and questions may arise whether the numerical algo-
rithm is rigorous and does not “fall into traps”. The main
objective of this paper is to present a way to reformulate the
model obtaining an explicit system of ODEs, which is solv-
able using basic numerical methods. As a start we present an
implicit formulation of a “modified point mass model”.

Commonly by the “point mass trajectory model” one un-
derstands a very simple physical model of the trajectory of a
projectile in which the only acting forces are external forces,
e.g. gravity, and the head-on drag force. Such a model de-
scribes a movement that is planar and does not explain such
phenomena as the drift caused by gyroscopic precession and
thus induced lift forces.

On the other hand, one can form a highly sophisticated
“rigid body trajectory model” of a ballistic projectile, which
treats the projectile as a six-degree-of-freedom physical ob-
ject with axial symmetry and non-zero moments of inertia [,
and I, being respectively the moment of inertia along the
axis of the projectile and the moment of inertia in the plane
perpendicular to the projectile’s axis. This model has the ca-
pabilities of explaining most physical phenomena happening
along the flight trajectory but is unfortunately quite cumber-
some. In addition, such “rigid body model” requires as input
a huge number of various coefficients which cannot be fitted 1.2. Exemplary implicit modified point mass model. Af-
to poor quality experimental data, or even worse — their fit-  ter [S] and [6] for informative purposes we present a version

*e-mail: leszek.baranowski @wat.edu.pl
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of the implicit modified point mass model. The system is as
follows

X =u, (1a)
m -1 = DF + LF 4+ MF + mg + mA, (1b)
I, - p = SDM, (1)

where x is the three-dimensional position vector, u is the ve-
locity vector with respect to a ground reference system' and p
is the angular velocity of the spinning motion, i.e. the rate of
roll or axial spin. Let us remark that p is treated as a scalar in
this model — we adopt the convention to use bold faced letters
for vectors and standard letters for norms. In the system (1)
the torque slowing down the spin is
2

SDM = %Sdcspin%d, )
where Cgpiy 1s the spinning drag coefficient, p the air density
function and d the caliber. Usually S, being the cross sec-
tional area of the projectile, is taken to be %wdQ. The forces
changing u we propose® as

2

v A%
DF = ~2-5 (Coo + Cpez -02) =, (o)
LF = 28 (Cpa + 2 3b
~ ( La + Cpas - ae) e, (3b)
2 pd
MF = — 2220 rae x = 3e)
v v

Respectively the forces (3) are

e the total drag force®, with Cpg, Cpa2 being the zero-yaw
drag coefficient and the yaw drag coeflicient,

o the lift force, with Cy,o, Cr3 being respectively the linear
and cubic lift force coefficients,

o the Magnus force, where obviously Cpag ¢ is the Magnus
force coefficient.

As one can see, only Cpg and Cgpin are dimensionless, the
other coeflicients dimensions depend on the dimension of the
angle a.. Later on we shall introduce only dimensionless
quantities as we feel it is the more readable way.

Additionally, g is the average gravitational acceleration
and A the Coriolis acceleration. These are not important in
detail and we shall not elaborate. It turns out that we can di-
vide forces into two groups: aerodynamic forces and external
forces. We see in the next section that the concrete form of
the external forces is not important to the model formulation.

However, let us comment on the difference between v and
u, respectively the velocity of the projectile with respect to
the air and the velocity of the projectile with respect to a
ground-fixed reference system. We define

v=u-w, “

where by w we mean the wind velocity, i.e. the velocity of the
air with respect to the chosen ground-fixed reference system.

The last expression that needs to be explained, and turns
out to be the most troublesome one, is a.. We notice from
the expressions giving the forces (3) that the direction of the
vector o, 1.€. 2‘—: gives the direction of the lift force LF, i.e
a direction lying in the plane perpendicular to the direction of
the air flow. The magnitude (or norm) . defines the effective
attack angle, or yaw of repose, that is deflecting the projec-
tile’s motion. To calculate c, we notice that it has to satisfy a
dynamical equilibrium equation, which in fact means equali-
ty between the overturning aerodynamic moment of force and
the stabilizing torque of the gyroscopic precession, we write

v Xu

O

pv°

TSd (CMa + (\/11\/[0(3 . 04(23) Qe = —AgD

Remember that due to the assumption that I, = 0 the equi-
librium is attained infinitesimally fast, which was one of the
physical paradigms in our model.

Let us stop for a moment though at this point our main
problem shows itself! The vector a, depends on u, which
makes the differential equation being defined by an implicit
function. The main purpose of the paper, apart from shedding
light on the physics in the “modified point mass trajectory
model”, is to formulate the equations in an explicit and elegant
way. We now move to a general formulation and derivation
of the announced system of explicit ODEs.

1.3. Reformulation and general presentation of the implic-
it system. Let us reformulate the Egs. (1) to a general form
which we need for our derivation. We write

X =u, (6a)
mu = AF + EF, (6b)
I, = SDM. (6¢)

We have introduced AF and EF. By the former acronym we

mean “aerodynamic forces”, whereas by the latter we mean
“external forces”. The aerodynamic forces are all the forces
depending additionally on c.. Using (3) we define

AF (x, u, p; w, a,) = DF + LF + MF, @)

whereas the external forces are all the forces that do not de-
pend on ., i.e.

EF = EF (x, u, p; w) . ®)

The concrete choice of the forces adding to EF is irrelevant
from the point of view of this derivation, what is important
is the independence from oxe.

We have commented earlier that the equilibrium angle o,
depends on 1 which makes our system implicitly defined. Let
us write in full extent

IThe particular choice of the reference system is irrelevant to our vector-oriented presentation. Hence, we do not provide any more details on this matter.
There might be many points of view on the matter of signs, which are strictly conventional as one can always redefine the coefficients.

3By “total” we mean head-on drag plus induced drag.
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i—u o
mi = (AF (x, u, p; W, (%, u, p, u; w))

+ EF(x, u, p; w)), (9b)
I.p = SDM. ©c)

The crucial problem is hidden in the second equation.
Even though the system is only valid as a whole* we shall
forget about the other two equations in (9) and direct our
attention toward the equation (9b) giving the implicit func-
tion u.

2. Derivation of the explicit ballistic M-model

2.1. Further assumptions: order of truncation and wind
homogeneity. To start the process of deriving the explicit
function u(x, u, p; w) we will make some further simplifi-
cations. These are minor simplifications which are to make the
derivation less cumbersome. We will comment on them exten-
sively. First let us note that the expressions for the forces (3)
are already written under the assumption that ||c.|| is small®.
Thus most of the trigonometric functions and drag coeflicients
are presented as truncated Taylor series. Some of the forces (3)
are written up to O(ag) order, other, like the Magnus force,
are considered only up to O(a.) terms. Zeros of a nonlinear
polynomial system of degree three are possible to find ana-
lytically but the zeros might not be unique! The uniqueness
and numerical properties would depend on all the coefficients
in this system and therefore are hard to control, not to men-
tion not worth to control in some cases as the effects could
be small. For a clear presentation we reduce ourselves up to
O(a?) terms.
According to the above mentioned we assume

CLa3 = CMQB. =0. (10)
Additionally we state that

w

0, (1)

which means that at least in the interval of integration the
wind is constant and translation invariant. As a result of
this (4) yields
u=—V+4+w) =v+w=v. (12)
dt
The property (12) allows us to present our derivation in a more
simple way, nevertheless we discuss inhomogeneous wind in
a rigorous way later, after we have dealt with the less complex
derivation.
Now the forces in the system (9) simplify a little, we use
the variables x, v, p and write

X=v+w, (13a)
mv = AF + EF (x, v, p; W), (13b)
I, = SDM, (13¢)
where the summands in AF are
2 ~
DF = -5 (Cpo + Coue (Cuie-0c)?) 3, (140)
pv*
LF = TSCLQCMQ * O, (14b)
2 d ~
MF = -2 220G . Ona - e %~ (14c)
2 v v

Above in (14) we have introduced dimensionless coefficients
Cpba2, Cra and Cpae—¢ given by

o Cpaz 4 CrLa
2 = V< , a =
Do (CMa)2 b CMa «
15)
Additionally, the dynamic equilibrium equation simplifies to

the dimensionless

Cate - 0 = 21, p VXE: 2[.p v Vv

e —_— X J—

dpv2Sv " w dpv2Sv v’

where the last equation comes from assumption (12), i.e.

u = v. The main task placed before us is to eliminate Cyjq, - e

from the differential system. To handle that problem we need
to introduce a well-adapted coordinate system.

(16)

2.2. Phase space reference frame: air-flow reference sys-
tem. Our phase space is seven dimensional as one can clearly
see from the set of variables x, v, p. We will not abandon
the Cartesian coordinate chart for x nor will we change any-
thing in p. The only modification is to use sort-of spherical
coordinates for the velocity vector part of our phase space.
We define
V=10 € 17

and three time-dependent orthonormal vectors

[ cos Ya COS Xa
€y = | cosv,sinya |, (18a)
Sin v,
N [ —sinya
1 0 B
v _ ey = COS Xa | (18b)
COS7Ya O Xa 0
9e [ — SIN 7Y, COS Xa
(S ~
L €y = | —sinvy, sinxa (18¢)
0%a
COS Ya

From now on, if we write v we mostly mean (17), especially
in the announced systems of ODEs.

“In some cases the air density is constant and Eq. (9a) is independent but usually the density is a function of altitude or more, e.g. p(x). In addition, the

speed of sound also changes with altitude.

SSmall with respect to a radian. In fact cxe is not dimensionless as it is an angle, more rigorously Cyre - ||cte|| is the correct dimensionless parameter.
®In agreement with the commonly used symbols, v, and x. may be the air-path inclination angle and the air-path azimuth angle. Naturally, one could

choose a different convention and everything will still hold.
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The frame (18) is right-oriented. To prove this let us no-
tice® that for v, =0, X = 0 it holds that €, =€, €y =@,
and e, =e. Thus we deduce that

8y X &y =&, (19a)
&y X 8y =&y, (19b)
€, X &, = 8y. (19¢)

We use (19) many times in the process of the derivation
which explains the purpose of this seemingly obvious state-
ment. From the above one notices that -, is the elevation
angle of v measured from the horizontal direction, i.e. the
air-path inclination angle and x, is the azimuth angle of v,
i.e. the air-path azimuth angle’. Also let us stress that if we
use a 3-vector column notation we write the coordinates in
the order x, y, z starting from the top, this again is merely
a convention. In short, in future derivations, we call (18) the
air-flow frame.

When analyzing trajectories one would rather want to
study

(20)

For the convenience of the reader we also provide the inverse
span. It holds that

Uy = V O €, Uy = V 0 €y, vV, = Voe,.

€4 = COS"Ya COS Xa €y —SIN Y, COS Xa €4 —SIN Ya €y, (21a)
€y = COS 7Yy SN Xa €y —SiN Y, SiN X, €4 +C0S Xa ey, (21b)

€, = sin Y, €, +C0S Y, €5. (21¢)

Finally, let us note the simple derivation

d, .

. . de
v = a(vev) = V€, + v——nr

dt

. . Oe . Oe
=€y + v (’ya 4+ xa—v) 22)
9%a J Xa
= i)/év +v (;ya/é'y + X.a COS'Ya/éx)'

The result of (22) will be the key ingredient to an elegant
presentation and explicit derivation of the differential system
defining the M-model.

2.3. Dimensionless physical parameters p, fx We intro-
duce two dimensionless parameters

-

= m;fiQ’ (23a)
d

p=22 (23b)
v

The number I, is a quotient of moments of inertia and it
holds that

~

1
I <, 24)

where the equality holds for example for an empty cylinder®
of mass m and diameter d.

The fraction p can be interpreted as two times the quo-
tient of the speed of a point on the surface of the projectile
and the velocity of the air-flow and is a dynamic parameter.
We shall call it the dimensionless rotational speed of the pro-
jectile. The idea to make the presentation more elegant is to
use the most dimensionless parameters possible. Hence, the
remaining dimensional parameters will be

e velocity — v,
2

o force — Z-5,

e mass — m,

e length (caliber) — d.

One might add, that the value of p is rather considerably
smaller than one and obviously depends on the rotational ve-
locity of the projectile and its caliber. However, it might be
coming close to one tenth for various types of fast ammo,
especially sub-caliber ammo.

2.4. Derivation of the M-model. Let us recall that

mv = AF + EF. (25)
We will now make use of the dimensionless parameters (23)
and the air-flow reference system (18). After simple compu-
tations (16) yields

2m ~ . .
CM@ c Qe = _p’U—QSprev X V.

After using the expression (22) for v we recover

(26)

2mu ~

CMa - Qe = pv—QSI:c ﬁ(ﬁaféx — Xa COS'Ya/e\'y) 27)

and
ICa - aeH2 = (CMa O‘e)Q

(28)

2
= <p2,U—n‘;Ia:ﬁ> (73 + X.a2 COS2 7&) .
Above we keep a certain form because we anticipate the
fact that the term containing the cross-sectional area and the
dynamic pressure will cancel in the next steps.
Let us write down the forces (14). Using introduced no-
tation, we have
2

DF — f%s- (CD0+ (29a)

2
= 2m ~ \" . . ~
+ Cpaz (P— xp) (75 + Xa2 cos” ’Ya)) €y,

v S
LF = mvCro Lo P (—Xa €087 €y + 52 €x),  (29b)
2 d ~
MF = f% S C gt - Chta Qe X &
v
=muv Gmg_f fxﬁQ (Ya €y + Xa COSVa€y). (29¢)

7In fact, the choice of axes is unimportant to this work, sometimes literature chooses a version where the z-axis points down and the y-axis points to the
right. We find an upward z-axis more natural but as said — it does not influence the derivation. Moreover, changing signs of both angles will simply flip the

mentioned axes.

8Rigorously, equation I. = % holds for any rigid body, which points are at distance % from the x-axis. On the other hand, I = 1 means e.g. a uniform

full cylinder.
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When looking closer on the forces above one notices the ob-
vious — the force DF is the only force tangent to the air-flow
thus it is parallel to €,. For now, let us focus more on LF and
MF. We easily deduce, that the forces LF and MF are per-
pendicular to the air-flow following which, they are spanned
by the time dependent orthonormal pair €,,, €. Let us note
that MF depends on p? which makes it invariant with respect
to sign of p, whereas LF', which is mainly responsible for the
drift of the projectile, depends on p. Hence, the sign of the
initial rotational speed p governs whether the drift will be left
or right.

Now it is clear what we should do. Recall,

V = 0€y + VU Ya€y + UXa COS Valy
1
m

(30)
(DF +LF + MF + EF)

The air-flow frame is orthonormal, hence by taking scalar
product of (30) with €,, we recover that

1 2
b= —EFoe, - 5. <CD0+
m 2m
(31)

2
~ 2m ~ . .
+ Cpa2 (pv—S a;p) (75 +Xa2 cos” ’71)) .

The expression for v still depends on 7, and x,. But then,
when taking scalar products of (30) with 1€, and 1€, re-
spectively we obtain

'7& o 1 EF [e] /éfy
Xa COSYa muv | EF o€,
N N 32)
T ACma - —-C a ) a
CLa p Cmagff Xa COS7Ya

The Eq. (32) is just a linear equation! Let us define the mixing

matrix R R
M — p CAmagff A:CLa ’ (33)
CLa p Cmag—f
then it is obvious that
~ Ya 1 EFoe
(1-Lpm)-| " f = T 4
Xa COSYa muv | EF oey
Finally, we will use
K=1-1,pM
_ 1- j:C ]/7\2 6mag—f j:c i)\ALa (35)
- ;ﬁCLa 1 _le/)\Q Cmag—f 7
then by elementary linear algebra’
1
~1 T
= K 36
detK ™~ (36)
where
detK = (1= L, 5* Cmag—1)" + (L5CLa)*. (37

For mathematical rigor, let us discuss more closely the singu-
larity of K. Note that

detK =0 <= K =0, (38)

which gives a contradiction if any external forces act perpen-
dicular to the air-flow and corresponds to a physically trivial
case. Finally

EFo’é\.,
EFo@X

1 1
N T, NED)
Xa COS Va muvdet K

We are almost done, in fact we could stop here, but let
us look at Eq. (30) for ©, which is dependent on 5, and X,,
which we have calculated explicitly. Nevertheless, we can fur-

ther simplify the expression
(42 + Ya® cos® 7a). (40)

To do that in a clever way let us note that by (36) the matrix

1
0= -K 41)
vdet K
is orthogonal, i.e.
1
O !'=VdetK-K!'=—= -K"'=0" (42
Vdet K
Hence, it does not change the norm of vectors.
Now we can rewrite (39) as
Ya 1 EFoe
VdetK | = —0T. | 0 4
Xa COSVa muv EF o ey

The norm of the right-hand-side is not changed under the
action of an orthogonal matrix, thus

Ya
Xa €OSYa

Thanks to our observation we write

2
1

det K
¢ (mv)?

2
EF oe, a)
EF o€,

;72 + XaQ cos” Ya =
1 1

- (Tn—’U)Q det K ((EF 06’7)2 + (EF ogx)2)

(45)

and then substituting (45) into (28) we derive that

~ 2
21, p . .
|cMa~ae|2<pU2§> (mo) (324X, cost ) 46)

~ 2
21, p 1 N N
:<pvzs) TaR(BF 0@ +(BF 08 @)

Remark. Let us stress here, that the above is part of the main
goal of this small work — the norm of the vector a, is explic-
itly determined by the external forces not depending on cx,
e.g. the gravitational force, the Coriolis force, etc. In a short
moment we will summarize the results in one paragraph.

This matrix is in fact equivalent to a multiplication by a complex number. Hence, it has a simple formula for the inverse.

Bull. Pol. Ac.: Tech. 64(1) 2016
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By putting (45) into (31) the tangent acceleration takes its
final form. We have

1 R 2
b= —EF 06, — ﬂs-(cDmL
m 2m
(48)

~ 2
~ 21,7\ (EFo&,)’+(EF 0&,)>
det K '
In the next subsection we shall sum-up all that has been done
so far to achieve a clean presentation of the explicit M-model.

2.5. Final form of the M-model. We have derived the ex-
plicit system of ODEs, which is equivalent to the “modified
point mass model”. No implicit functions are involved and
any external forces EF (x, v, p; w) not depending on the at-
tack angle are allowed. In the box below we present the final
form of our explicit ODE system describing the motion of
a spinning projectile in a resistive medium. For the conve-
nience of the reader we “copy-paste” our previous results into
one condensed subsection.

By summing up the previous work, e.g. (39), (47), (48),
the differential equations for the M-model are as follows:

X=Vv+w, (49a)
2
. pv ~
= S d Capin - D, 49b
P=aT pin * D (49b)
1 2
= —EFos, - 2"5. (CD0+
m 2m
coo . (2Lp “(EF 08,)% (EF 08,)° oo
Da* |\ oz s det K
and
T _ bt g EFO?” . (49d)
Xa COSYa mv det K EF o€,

Recalling (35), to define the system (49) we have used

KT _ 1- EE I/)\QAamag—f _/:;; ﬁ?La (50)
Ia: ﬁCLa 1- I:v ﬁQ Cmagff
and the obvious consequence that
detK = (1= 1, 5* Cmag 1)+ (L5CLa)”. (51

Moreover, for convenience, recall the dimensionless coeffi-
cients defined in Subsec. 2.3, i.e.

I, = nfilQ and D= pTd
Also, we have assumed that in the interval of integration the
wind is homogeneous, i.e. W = 0'°. The dimensionless, i.e.
“hatted”, coefficients were given as

(52)

CL& -~
B CMa , ¢

P Cpa2 A

Cma —f
CDa2 = m7 La —=

mag—f = CMa . (53)

Also recall that v is the velocity of the air with respect to
the projectile and v = u — w. Thus one should not forget
to subtract the wind from the initial velocity of the projectile
when preparing the initial condition to the system (49).

Remark. Let us state that the case of general wind, depending
both on position and time, is not a problem in an already pre-
pared sequel, which we shall publish soon after this work, we
will introduce the enhanced M-model incorporating a gener-
al space-time wind distribution. We decided to start with the
homogeneous-wind-case as the annoying computations of the
general case might spoil the elegance of this particular deriva-
tion. Nevertheless, as a logical consequence, they are worthy
of a sequel.

Now we firmly state the fact that the system (49) shows
no signs of .. Nevertheless, obviously, having a solution one
can — by combining (39) and (27) — calculate

CMa'ae:
C2Lp 1 {A A}KT EFoe, | (54
- pv2S detK ex & EFoe,

and

~ 2
2Ixﬁ> (BF 0&,)° + (BF o0&y’ g

CMa - ael]*=
ICva - exe <pvQS det K

Remark. Let us stress here, that the above is exactly the main
goal of our work. The vector . is explicitly determined by
the external forces EF(x, v, p; w). Into EF one might in-
corporate e.g. the gravitational force, the Coriolis force, etc.

Corollary. The system (49) is of course exactly equivalent to
the implicit system — “modified point mass trajectory mod-
el” — presented at the beginning. The explicit form derived
in this paper is both: elegant and rigorous. In addition, easily
dealt within numerical applications, which we consider to be
a great advantage.

2.6. Example of an M-model: projectile motion influenced
by constant gravitational force with constant wind. For
convenience of the reader, let us provide a less general ex-
ample, and perform simplifications to the evolution system
(49). We need to postulate what external forces EF are go-
ing to be used. To talk about concrete forces we need to fix
our coordinate system. We choose'! that the z-axis, along
€., corresponds to the altitude, and that the z-axis, along €,
roughly describe the “forward” direction of motion as sum-
marized in Fig. 1. Then €, is such, that together €, €, €,
form a right-oriented orthonormal frame.

a

10The notion is slightly more general than a globally constant wind as result of the simple equation W = (Vx w) - X + 8—‘:’ = 0, which might have

non-trivial, however unphysical solutions.

UThis choice is fairly obvious but, of course, there might be other preferences.
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Fig. 1. An example of a trajectory with chosen axis alignment
The system of explicit ODEs.

We put a constant wind'?
w(t) = wo (56)

and constant average gravitational acceleration, which yields
external forces

EF = —mge,. (57)
Then using (21) the external forces are
EF = —mg (sinvya €, + cosya€y) . (58)
Then
EFoe, = —mg sin",, (59)
EF oey = —mg cos7a, (60)
EFoe, =0. (61)

Finally, when the above-mentioned are applied to the M-
model defined in (49) we get

%= v+ wo, (62)
2
. pv _
=—25d spin * 62b
p ZI;CS Cospin * P ( )
2
b=—g sinfyaﬂs-<cm+ (62¢)
2m

~ 2mg\? 252 cos? v,
+ CDoz2 D) ~ ~ 2 =~ N 2
pv2S) (11,52 Cumag—t) + (L. pCra)
and
Ya
Xa COS Ya

SIS

- COS Ya

B (1*-?9323\2 amagff)2+(fzf)\aLa)2 . Z"ﬁCLO‘

The Egs. (62) form a complete differential system de-
scribing, by means of seven scalar variables, the evolution of
a spinning projectile in a resistive medium. Recall that

I, . pd
p=—.

T omd?’ v
Hence, p is a dynamic variable. Let us also stress, that thanks
to using the air-flow direction €, = ¥ to define our coordinate
system, the wind, i.e. wg, does not appear in the differential
equations for v. Instead, it simply adds to the position inte-
gration. However, when preparing initial condition one should
remember that v.= u—w. As announced let us focus a bit on
initial conditions to finalize the presentation of this example.

(63)

The initial conditions.

The initial conditions and their interpretation are not en-
tirely trivial. Let us assume for start that we initiate our inte-
gration at the moment ¢(. Naturally x(¢p) = xo can be chosen
as one wishes or needs, e.g. xo = 0. We need to focus on the
initial velocity vector, we have

COS Yo COS X0

u(tp) =ug =up | cosyp sinxo |, (64)

sinyp

where by uy we understand the initial velocity vector of the
projectile, by 7o the inclination angle of the initial velocity
and by x¢ the azimuth angle of the initial velocity. For sim-
plicity we could always rotate the azimuth angle x( to zero.
Recall that

Up COSYp COS X0 — Wox

V(to) =Vog=Up—Wo= | ugp COSYp sin X0 — Woy (65)
Up Sin yp — Woz
Thus we have the initial condition
vo = [[voll = |luo — wol. (66)
Then
Vo SiNYag = Vo0 €z = g sinyp — Woz, (67a)
vpoe g COS7Y Sin Xo — wo
tan xag = Y = Y. (67b)
Vo O €y Ugp COS7yp COS X0 — Wozx

From the Eqs. (66) and (67) the initial conditions v, Yaq
and . can easily be retrieved.
The last initial condition py can either be known a priori
or obtained using a very good approximation'3

Po = 2T ug —. (68)

nd
Above the dimensionless parameter 7 is the twist rate of the
rifling at the end of the gun barrel expressed in calibers per
full revolution.

Note. Finally, just for visualization purposes we present a nu-
merically generated trajectory in Fig. 1.

120f course one can use a step-function for w and sew the solutions on the subintervals
3The rate of roll (axial spin) of the projectile is determined by 27 times the number of twists per time unit at the end of the barrel.

Bull. Pol. Ac.: Tech. 64(1) 2016

87



I

www.czasopisma.pan.pl P N www.journals.pan.pl

L. Baranowski, B. Gadomski, P. Majewski, and J. Szymonik

2.7. Complex number interpretation of the mixing matrix.
The matrices M (33) and K (35) have a very special prop-
erty — they are proportional to 2-by-2 orthogonal matrices.
Thus, they are equivalent to multiplication by complex num-
bers!4. Following this, the determinants of matrices M and K
are just the squares of absolute values of the corresponding
complex numbers, and the inverses correspond to complex
number division. We shall not elaborate on this as from the
point of view of algebra it is a rather simple and well-know
isomorphism. Instead, let us focus on the details below as they
should be self-explanatory.
To begin, let us define complex numbers

M = ﬁamag—f +i- aLa (69)

and
K=1-1L,pM

o o~ o - (70)
= (1 - I 52 Cmag—f) —il, ﬁCLa

We shall call the above the complex deflection coefficient.
In addition the complex perpendicular force is

F+ =EFoe, +i-EFos,. (71)

Above we see, that the 67 direction has been identified with
the real axis, whereas the €, direction with the imaginary
axis. Now the plane perpendicular to the air-flow, i.e. perpen-
dicular to v, is treated as a complex plane. Hence, the vector
Q, as it is always orthogonal to v can also be interpreted as

a complex number. Let us define
Za, =006y Fiae0€y. (72)
Then the inverse is
a. =ReZ,, ey +ImZ, -e,. (73)

Making use of our conventions we can rewrite (54) and
define its complex equivalent which is extremely elegant. Note
that using complex numbers /C and F+ the explicit formula
(54) for the equilibrium angle takes the form

2L, p Ft
o Za, =i .
O e lpUQS K

Recall, we have named the complex number /C the complex

(74)

deflection coefficient — let us interpret this by rewriting the
complex equilibrium equation defined in (74) as

2
FL=j % S fﬁA Crta Za,. (75)
z P

We now have all the components needed for presenting the
summary of the M-model in complex notation.

Final form of the M-model in complex notation.

Collecting all results from the previous subsection, we
summarize that the complexified differential equations of the
M-model are as follows

1 -1
4By the isomorphism 1 +— |: (1) ] and i — |: (1) 0 :|, while z — |:

0
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X=V+Ww, (76a)
2
. pv s
P=5T S d Cspin - P, (76b)
2
2 T = 12
. pU ~ 21, p F ~
V= —ﬁs CD()+CD0(2 <pv25> ‘7 +EFoev
(76¢)
and
1 1
AT = (4, +ixa cosy) = —— 2. (76d)
muv IC

Then, by depicting the time-dependent complex function

21,p F*
R

on the plane one retrieves the movement of the projectile’s tip
and a nice geometric interpretation — the complex plane is to
be identified with the plane perpendicular to the air flow, i.e.
the plane in which the interesting physics happen!

77)

3. Summary: advantages of the ballistic
M-model

We have finished our considerations on the subject of the
derivation of the explicit M-model from the implicit “modified
point mass trajectory model”. We have constructed a model
which is explicitly defined, numerically easy to solve and does
explain drift phenomena. We advertise this model as the op-
timal “power/price” solution which should be used in further
analysis like:

e probability calculation via initial condition error propaga-
tion,

e use in fire control computers,

e preparing or utilizing meteorologic corrections to idealized
shooting tables.

To be honest, there is one disadvantage of this model (and
the “modified point mass trajectory model” as well), which is
the simplification I, = 0. Without the perpendicular moment
of inertia any processes of finding equilibrium happen infini-
tesimally fast. For projectiles with “heavy” moments of inertia
the dynamics governed by . might be much more important
than inhomogeneous wind corrections (w-corrections), which
we plan to analyze in an already prepared sequel to this work.
Please note, that the negligence of I, is a treat of the “modi-
fied point mass trajectory model” in general and not a treat of
its explicit form! Let us remind that the explicit form, the M-
model is equivalent to its implicit counterpart. We feel, that
the “modified point mass model” in the implicit form should
not be used in applications. The M-model presented here —

Rez
Imz |
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as it is explicit — does not need to solve the equilibrium equa-
tion in every step of the numeric integration. The equilibrium
equation for o, has been exactly solved. Summarizing, we
consider the differential system (49) (or example (62)) as an
extremely useful, robust and yet rigorous projectile movement
model.
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