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Physical interpretation of the Cosserat mechanics for
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Abstract. In this work, the Cosserat medium is analyzed as a set of atoms. These atoms are under the action of a mechanical load. The statistical
analysis is preceded by a description of a single atom using classical mechanics and quantum mechanics. The behavior of the atoms in the field
generated by mechanical change of the interatomic distance is shown as a phenomenon which can explain the Cosserat mechanics in a continuum..
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1. Introduction

Cosserat mechanics [1] (1909) is inspired by the results of
experiments conducted by Voigt [2] in 1887. In Cosserat me-
chanics, we assume that the transmission of mechanical action
between two neighboring unit cells of the material by surface
element dF is held by force vector dP and moment vector dM.
Independent of the vector of the force stress p = llm dP/dF, the
couple stress vector is defined m = llmdM /dF. “A'solid defor-
mation is described by a dlsplacement Vector u(x, y, z) and by
an independent vector of the polar rotation ¢(x, y, z) [3]. The
Cosserat mechanics was elaborated mainly through the theoret-
ical studies. So far we do not know the physical interpretation
of the Voigt experiments.

In this work we reference the molecular theory of elasticity.
This theory was inspired by Boscovich (1763) [4], and finally
formulated by Navier [5] in 1821, while the modern version
was developed by Eringen (1967) [6]. Based on the experiments
carried out by Voigt, noncentral intermolecular interaction was
introduced. Inspired by the work of E. Cosserat and F. Cosserat,
Eringen introduced a rotation of the molecule during intermo-
lecular interaction. The physical interpretation of this rotation
has not been shown until today.

For analysis of the Cosserat medium in the work present-
ed, the atomic structure of matter was chosen for two reasons:

e the atom is a particle of the granular structure of matter,
e the atom has polar properties.

This paper studies the polar atom, where the mass center
and center of the action of the Coulomb forces are not lined up.
This disturbed symmetry creates the action arm for interatomic
forces. The action arm generates a couple moment, which cre-
ates the additional motion of the atom in the form of precession.
This precession is considered as a physical interpretation of the
theory of micropolar elasticity [6].
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2. Classical description

We analyze the set of atoms k=1, 2, 3, ...N in the elementary
volume dV. In the first approximation, these atoms are analyzed
as a set of balls (material points) [7] with vectors of position
r. (initial position) in the Cartesian coordinate system. These
balls are at a distance with value 7, = rk”|. When we apply
an external mechanical load to the set of atoms k=1,2,3,...N
using classical mechanics, we obtain for each atom & the resul-
tant force: P, = zv U(r,), where: U (ry) is the diatomic potential
of the distance between the atom k and successive atoms I, 1#k,
V is the nabla operator. When we take into account the internal
structure of the atom k (electrons and nucleons in the shells)
[8-9], we assign to the electron/nucleon number ¢, =1,2,3,...n,

a part of the force according to relationship: 7. = ZPw and then
reduce the force P, from the central position C (atomlc mass
center) to the temporary location of the electron/nucleon, the
electron/nucleon is additionally loaded by moment M g:“"‘e (Fig

1.

couple

Fig. 1. Reduction of the interatomic interaction on the temporary
location of the electron/nucleon

This moment creates precession of the electron/nucleon of
angular velocity af"“"le The moment takes the following form:

couple __ __couple .
M=o, x],, . (M
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where j. is the angular momentum of the electron/nucleon,

then the precession energy:
couple _ _ _ couple =+

UQk a)Ck J (T (2)

and the angle of precession ¢2:“ple:

.couple
couple __ Ck
¢~ =arcos —j ) 3)
Ck

scouple

where jZ*** is the angular momentum of the precession. So the
physical parameters of the electron/nucleon polar elasticity are
written as: M Lol g .a)gf“p“, @™, and o, Accord%ng
to the principle of mechanics, we can formulate the following

condition:

couple
P, 7™ =0, @
where the direction of the force vector P, and the precession
vector a)g‘k’“p“ are perpendicular to one another.

For the whole of the atom & we have to consider the sum
of all electrons and nucleons. When the number of electrons
in the shells is not equal to 2nf (n, =1,2,3,... is the number of
electron shells) and the numbers of nucleons 7, in nucleon shells
are not equal to magic numbers: n, =2,8,20,50,82,126,..., such
a model of atom has polar properties and, therefore, is liable
to couples and moments. This atom is described by the atomic
angular momentum J,. The total atomic moment coupled with
the mechanical interactions between atoms must be:

n
couple __ couple
M = ZMCk , (5)

1

where 7 is the total number of electrons and nucleons.

Using frequency of the atomic precession @™ and J, we
write the atomic couple moment as:
I I
M =" xJ,, (6)
then the atomic couple energy:
le _ I
U;oup e _ _wljoup e, Jk’ (7)
and the couple angle of the atomic precession:
couple
P = ar cos ——. (8)
Ji
We fomulate the perpendicularity condition as:
1
P o =0. )

The physical parameters of the atomic polar elasticity can
be denoted as: M "™, U™, @™, i*™, and J{™"".
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3. Quantum description

We assume elimination of the orbital angular momentum of
the electron/nucleon, and we define the couple moment M,
in classical mechanics as the cross-product of the angular fre-
quency and spin S

M; =} xS,. (10)
Equation (10) can be re-written in the form:
M’ =Q°S", (11

where: M? is the operator of the moment M?, £2°= (iof - jar),
i, and j, are the unit vectors parallel to the x, and y-axis, and
S* is the operator of the component of the spin in z-direction
(direction of quantization).

According to the quantum theory, the quantum couple mo-
ment is determined by solving the eigenvalue equation:
s N

M, ® =M, (12)
where M is the eigenvalue of the operator M 2 and @ is the wave
function describing the quantum-mechanical state of the atom
in the mechanical field. Based on the moment operator (11),
the eigenvalue equation for the quantum couple takes the form:

s Qk N
0Q2.50=M,0. (13)
According to the quantum mechanics, the eigenvalue M}

is the physical value of the moment action at the nanoscale.
Applying the Pauli operator:

N 1 0
SZ":E , (14)
2{0 -1

where 71=h/27, and h is the Planck constant. Using the wave
function:

dr= for mech = %,
D= (15)
Dl = for mech = Y

where mech; is the mechanical quantum number (which is anal-
ogous to the magnetic quantum number). The eigenvalue equa-
tion takes the following form:

S*¥® = nmech,®, (16)
which is satisfied as identity. Given the analogy between Eqs.
(13) and (16), the eigenvalues for both sets of equations are the
same. The solution of the unknown quantum value of the couple
moment of the atom k can be written as:

M:® = n02’mech;. (17)

Bull. Pol. Ac.: Tech. 64(2) 2016
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The energy contribution due to the atomic spin S, under
mechanical load is written in the classical mechanics in the
following form:

U’ =-m;-S,. (18)

In the same way as for Eq. (10), we rewrite this in the oper-
ator form: U, =-@; - S, and we obtain the eigenvalue equation
for the atom’s energy as follows:

S & R
~@f-S,0=U. (19)

Equation (19) will now correspond to the Schrodinger equa-
tion [10] written in z-direction:

—(@°), 50 = Ulo. (20)
The operators M and U  comply with the conditions commu-
tation: M U} -UM} =0.

We find the quantum value of the precession energy of spin
in the same way as before, and finally we obtain:

U = —(of Jimech, 1)
Adding the orbital motion, by analogy to solutions (17) and

(21), we can formulate the total atomic moment action and total
energy of precession in the following form:

1 1
Mzoupe = h_QkCoup emeCh, 22)
Uzouple — _(a)zcouple )hmeCh ’ (23)
where: Q" = (iwﬁouple — jot )k’
mech=-J,-J +1,...,0,....,J = 1,J, (24)

and J is the total atomic quantum number. Introducing J, =
7yJJ(J +1) and J** = rmech, [11], we obtain the quantum for-
mula for polar rotation of the atom:

mech

=ar COSW.

couple

Pi (25)

4. Statistical description

We describe the probabilistic space as a set of atoms k =1,2,3,..., N,.

in the elementary area dF. The set of the mechanical quantum
numbers mech=-J,-J+1,...,0,....,J —1,J comprises random
numbers. The elementary events are defined as: M *™, U """,

couple couple

@™, @™, and J. We write the random variables:
Mzm’ple = h.Q,f"“plemeCh, (26)
U = —( Jimech | @7)
J{P° = hmech (28)
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mech

=arCoS—F———,
1/JiJ+1i

which are functions of the mechanical quantum numbers mech.
Based on the fundamental assumption of statistical mechanics
and Boltzmann distribution [12], we obtain the canonical dis-

couple

o, (29)

tribution:
exp{_ U(mech)}
M(mech)=—_+ Ul((an T (30)
megé[_ kT }

where k is the Boltzmann constant, 7 is temperature. The prob-
abilistic space concerns the atoms where interatomic actions
are almost equal: P, ~ P, and then we write: @{"" ~ @,
Q" ~ 2, Now we can write the average values of the

Cosserat parameters in a canonical distribution:

<Mzouple> — mﬁ:l‘(/lzouplen — hQ]:oupleJB ,

mech=-J

€2))

mech=J
<Uzouple> — z UZOUP]CH — ha)zcoupleJBJ

mech=-J

(32)

mech=J
= Y IMII=nJB,,

mech=-J

<Jzouple> 33)

mech=J

<cos (P/fouple> = Z mech J

= B,, (34
N A ) B RSV

where:

B,=

2J 2 kT 2J 2kT

2J+1 £2J +1 a)°°“plehj 1 [mw‘“ﬂehj
ctgh > h
is a function analogous to the Brillouin function [11].
Using the concentration of atoms N = N/dF, we obtain
the statistical couple moment, energy of precession, precession
moment of momentum and angle of precession in the form:

mcouple — NhQ]:Ouple JBJ, (35)
Ucoup]c — Nha);ouP]c‘JBJ, (36)
Jcouple — hJBJ, (37)
couple __ J
=arccos————=~-,. (38)
v JU+1) "’

couple

The statistical couple moment m and the angle of pre-
cession @™ correspond to the vector of the moment stress
m and the polar rotation ¢ introduced in Cosserat mechanics.
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In room temperature, when =7—<<1, hyperbolic cotangent
in B, function takes the form of a power series. Leaving only
the first two terms, we obtain:

couple

wz
3kT

couple
U = Nr2J(J + I)Q_ngk*; , (40)

mcouple — NhZQcoupleJ(J +1 (39)

a)couple
JOP = NI (I +1) =, (41)
3kT
1 a)coupleh
Qe = arccosle(J +1 ’;k—T (42)
In the particular case when Jzé formulas (39), ..., (41)
we write:
couple
mcouple — NhZQcouple a)z , (43)
4kT
couple
e g 2 , (44)
4kT
couple
Jowe - Np2 P (45)
4kT
X coupleh
P —arccos — ———. 46
v 6 3kT (16)

In very low temperature and very strong mechanical inter-
actions between the atoms (in elastic range), where

a)couple h

T<1K, ZkT >>1, (47)
we obtain:
: 2J+1 ™ h
111‘11I ctgh( : =1, (48)
T<1K,%>>l 2 kT
. a)couplch
Iim ctgh| = =1, (49)
T<1K, m»l kT
kT
and formulas (35-38) take the following forms:
mcouple — NthoupleJ’ (50)
Ucouple — Nha)zcoupleJ, (51)
Jowe = NAadJ, (52)
J
P = arccos ————, (53)
WU +1)
Now, for the particular case when J= %:
) hgcoup]e
mcoup]e — N 2 , (54)
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couple
U = N—hwz2 : (55)
Jcouple — Ng , (56)
54,7°
couple — {1257 30. (57)

5. Polarization of the atoms in a mechanical field

We define the macroscopic vector of the moment of momentum
on the surface dF in the form:

1 &
J=—J,.
dF; ,

When the system of the atoms k=1, 2, 3, ..., Ny is not
loaded, the vectors of the atomic moment of momentum J, are
oriented in space in a completely disordered way and the total
macroscopic moment of momentum is equal to zero J = 0. At
the time of application of the external load, the macroscopic
vector J increases from zero to the value J** as on formula
(37) and is set in a direction perpendicular to the average direc-
tion of the interatomic action. This process lasts for the time 7,
described by the formula:

(58)

dJ Jcouple -J
—_— = (59)
dt T

Solving equation (59), [11], we can write the dependence of
the macroscopic moment of momentum on the time:

J(t)=J= (1—eTj.

When a Cosserat medium is subjected to mechanical loads,
the polarization of the macroscopic moment of momentum J
occurs. This polarization can be characterized by the statistical
angle of precession @ written in formula (38). During this
process the mechanical energy:

(60)

Ucouple (t) — _wcouple . J(t), (61)
decreases until the macroscopic moment of momentum J reach-
es a value J* corresponding to the new state of equilibrium.

6. Conclusion

Voigt could not explain the results of his experiments because
knowledge about the atom was not sufficient at that time
(Thomson model). We also do not have such a description in
contemporary works of interatomic interactions, even though
the planetary model of the atom has been present in physics
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since 1913. The planetary structure of the atom is not taken
into account in the mechanical interactions in the first studies
using quantum mechanics [10, 14], and is not taken into account
in attempts to provide the mechanical stress and force at the
quantum level [15].

As was shown in the above analysis, the general phenom-
enon which can explain the Cosserat mechanics by the scale
electron/nucleon is the precession of the electron/nucleon shell
in the field induced by mechanical change of the interatomic
distance. The atom precession occurs as a result of the asym-
metrical construction of the atom. For a set of atoms we can
describe phenomena of the polarization of atoms. The results
of the analysis in a different scale correspond to the basic of the
condensed matter enunciated by P. W. Anderson [13].

The physical interpretation of the Cosserat mechanics (mo-
ment action, energy of precession, moment of momentum of
precession and angle of precession) is derived on the basis of
the electron/nucleon structure of the matter, the quantum prop-
erties of the matter and the Boltzmann distribution. This analy-
sis can explain the results of the Voigt experiment, the rotation
of the molecule introduced ad hoc in the micropolar elasticity
and the polar properties of the materials introduced ad hoc in
the nonsymmetrical elasticity.

The quantum volume of the energy association with distur-
bance of the electron/nucleon in the field generated by mechan-
ical action can become an inspiration to carry on experiments
in resonance spectrometers EPR and NMR in order to confirm
the above theory.

Appendix. The average values of the cos ¢ for atoms k= 1, 2, 3, ..., Nylocation on interaction area in canonical distribution
IT take the following form:
mech=J a)zcouplehmech
megh=s ooy y mech exp T
<Cos¢zouplc> = Z H = meCh;’l_eu(,:h=J couple (Al)
memey I +1) I +1) 3 exp[ " hmech}
mech=-J kT
couple
Expression % is a variable, so formula (A1) can be written as:
J d mech=J wcouplehmech
<cos¢,ﬁ°“ple> = —In Z exp| ———|. (A2)
W) @) et kT
kT
The sum in (A2) takes the form:
mech=J a)zcouplehmech a)zcoupleh(_ J) a)zcoupleh[_ (J _ 1)]
Z exXp| ——————|=exXp| —————= |+ exp +,...
meched kT kT kT
, (A3)
a)zcoupleh(J _ 1) a)zcouplehJ
vt eXp| ————— |+ expy ——
kT kT
and after transformation:
mech=J a)couplehmech a)coupleh(_ J) a)coupleh
Z exp| =/ |=exp | ————= |[{ 1 +exp| —=—— [+,...
meche) kT kT kT
(A4)
0" h(2d —1) @ h2J
vy T EXp| ———— |+ EXp| ———
kT kT
Using the sum of a power series formula (A4) we write in the form:
| exp 0" (2J +1)
mech=J a)zcouplehmech a);:oupleh(_ J) kT
z eXp| ———— | =¢xp . , (AS)
mech=—J kT kT @, "n
I—exp| —=—
kT
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and after transformation:

0" h(2J +1)
mech=J couple couple 1- CXp
" himech 0" (-~ J) kT
eXpl ———— | = (A6)
mech=—-J kT kT coupleh
1—exp| ——
kT
Substituting (A6) to formula (A2) and counting derivative, we finally obtain:
couple couple
<cos¢,§°“p‘e> = J 2J+1 tgh 2J+10"h —Lctgh a)z_h (A7)
WU+ 2J 2 kT ) 2J 2kT
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