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Abstract: In the paper a novel mathematical model of electromechanical actuator is 
presented. It is based on application of Hamiltonian equations in the description of 
electromechanical energy conversion. It results in employment of flux linkages as state 
variables in the state space equations. For simplicity only a 3-phase wye connected stator 
winding without a neutral wire is considered in detail. The procedure can be generalised 
to any number of phases. Topology-based approach is used in the model implementation. 
Procedures for evaluation of all quantities (currents, energy/coenergy, electromagnetic 
torque) present in model equations are described. Eddy currents and hysteresis phenol-
menon are neglected in formulation of the model to enable application of state-space 
description. 
Key words: Hamiltonian equations, simplex, simplical complex, simplical approxima-
tion, affine transformation 

 
 
 

1. Introduction 
 
 In the paper a novel mathematical model of electromechanical actuator is presented. It is 
based on application of Hamiltonian equations in description of electromechanical energy 
conversion which results in employment of flux linkages as state variables in the state-space 
equations [37, 39]. The most important problem arising in this approach is evaluation of cur-
rents as function of flux linkages in multivariable space [7, 8, 39]. The proposed solution is 
based on the triangulation of databases (obtained using FEM [7, 8] or a measurement [26, 42]) 
and application of local linear (affine) homeomorphism between the spaces of variables [19] 
(space of currents and space of flux linkages). In algebraic topology this approach is defined 
as simplical approximation [2, 16, 40, 44]. Similar approach is used in description of non-
linear circuits and networks [9, 10, 23, 41]. 
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2. Topology-based algorithm for approximation 
of current-flux linkage characteristics 

2.1. Hamiltonian state-space equations 

 In matrix form the Hamiltonian state-space equations of electromechanical actuator can be 
written separately for electric and mechanical variables [39]: 
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where ( , )Ψi n  is the function that defines generalised currents in terms of rotor angular 
position ϕ and generalised flux linkages ;Ψ  u – generalised external voltages; R – resistance 
matrix; Te – electromagnetic torque; Tm – mechanical load torque; K – angular momentum; J –
moment of inertia; Emag – magnetic field energy; Ecm – magnetic field coenergy [P. II]. Energy 
and coenergy of magnetic field in actuator are defined by expressions: 
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and related by relationship [22, 37]: 

  ( , ) ( , ) .T
mag cmE E+ =Ψ Ψi in n  (4) 

 In above formulas two forms of vector dot product representation used in this paper, vector 
and matrix, are shown. 
 The mathematical model of electromechanical actuator described by equation set (1) will 
be called Hamiltonian Model of Electromechanical Actuator (HMEA). This abbreviation, 
which mimics commonly used convention in description of electromechanical actuators 
(SynRM, SRM, MCSRM, PMSM, BLDC, DTC etc.), will be used throughout the paper to 
distinguish the model among the other mathematical models of actuators. 

2.2. General description 

 Evaluation of multivariable function ( , )Ψi n  in equation (1) is the most important issue in 
numerical implementation of HMEA [7, 37, 39]. 
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 In previous papers it was achieved with application of uniform databases and their interpo-
lation. It employed „griddata3” numerical procedure [27]. The main drawback of this method 
was creation of large number of NaN (Not-a-Number) entries in the databases [7, 8]. 
 In this paper a different methodology is proposed. It employs newly-introduced TriRep/ 
/DelaunayTri classes in Matlab’2009 [27]. These algorithms enable application of topology-
based evaluation methodology using local piece-wise linear (affine) homeomorphism between 
current and flux linkage spaces [19]. In algebraic topology such transformation is defined as 
simplical approximation [2, 16, 40, 44]. 
 Numerical data for the primary databases used in description (Tab. 1) were obtained using 
the finite element analysis of a reluctance cageless synchronous motor [4, 8]. The structure of 
the databases is related with the specific evaluation methodology. In order to define the data-
bases the following sets are used: 
  C the position set Θ = {ϕ 1, ..., ϕ k, …, ϕK} composed of K points where ϕ 1  = 0 [rad], 

ϕK  = ϕ 1  + 2B /p to account for symmetry, p – number of pole-pairs. Their choice depends 
on assumed resolution of the model (e.g. whether the model has to take account of only the 
fundamental space or also of the slotting effects etc. [24, 39]), 

  C for each angle ϕk ∈ Θ a current set I k composed of P(k) points is defined I k = {i1, … ip, 
…, iP(k)} where ip ∈ E N (Tab. 1). The set I k belongs to current subspace RI k ⊂ E N. Choice of 
I k depends on the level of saturation and assumed maximum current of the device. 

 Dimension N of Euclidian space EN is equal to the number of generalised (independent) 
variables which is N = 2 in the presented example. 
 
 
2.3. Methodology for ϕ = const 

 Applying FE calculation for arbitrary angle ϕ k  ∈ Θ one obtains two sets: 
  C the set of flux linkage points Ψ k  = {Ψ1, … Ψp, …, ΨP(k)}, Ψp ∈ EN ,  (Tab. 1), 
C the electromagnetic torque set Te(k) = {Te, 1, … Te, p, …, Te, P ( k )}. 
 

Table 1. Point sets for ϕ = ϕ 1  

I k  = I 1  Ψ k  = Ψ 1  
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 The Ψ k  set belongs to flux linkage subspace RΨ k  ⊂ EN while torque set Te (k) consists of 
scalars Te (k) ⊂ E1. 
 Values in Te (k) sets will be only used for comparison because an independent, autonomous 
algorithm for evaluation of electromagnetic torque will be developed in section (2.6). 
 As eddy currents and hysteresis phenomenon are neglected in the model, thus the function 
relationship f  k  between the above mentioned subspaces on:k k kf ⎯⎯→ ΨRI R  is a homeo-
morphism [40, 44]. 
 For such a function a local linear approximation k

Af can be defined which has the following 
properties [2, 19, 40]: 
  C its domain is RI  k defined with the help of approximation triplet Ak = (I k, Ψ k, IK k) for 

which triangulation T k (Tab. 3) defines a polyhedron |T k(I k, IK k)| = RI  k (Tab. 4). Abstract 
current simplical complex IK k [2] defines combinatorial structure of triangulation T k re-
sulting from application of Delaunay’a triangulation to the I k set [12]. Obtained triangula-
tion (Tab. 3) can be also defined as geometrical simplical complex which consists of N-
simplexes (0-simplex – vertex; 1-simplex – edge; 2-simplex – triangle; 3-simplex – tetra-
hedron) [2, 5, 40], 

  C ( ) ,k
A p pf = Ψi  

  C for an arbitrary j-th N-simplex , ( , )k
k k k

I j T I∈Δ I K  function ( )k
Af i  is affine on ,kI jΔ  and 

can be defined with the following formula [19]: 
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 Values of "  k , j(i) are barycentric coordinates of an arbitrary point ,kI j∈Δi  [2, 5]. Position 
of an arbitrary point i in N-simplex ,kI jΔ and its image Ψ = fA( i)  in N-simplex ,k jΨΔ is 
described with the same barycentric coordinates "  k , j (Fig. 1) which will be used in the model 
numerical implementation.  

 
Fig. 1. Data for local invertible affine transformations on simplexes (N = 2) 
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 The reason for this important property is that affine transformations preserve barycentric 
coordinates [2, 5]. In case of N = 2 which is analysed in the paper their geometric interpre-
tation and basic properties are shown in Table 2. 
 

Table 2. Properties of barycentric coordinates 
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  where S is the surface of the ,kI jΔ simplex. 

 
 
 Equation (5) for N = 2 presented in Figure 1 for an arbitrary j-th simplexes has a form: 
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For a homeomorphism f  k there exists an inverse function on: .k k kf − ⎯⎯→ΨR RI  It enables 
a definition of its local linear approximation k

Af −  which has the following properties: 
  C its domain is RΨ k  defined with the help of approximation triplet A!k = (Ψ k , I k  IK k) for 

which triangulation T ! k (Tab. 3) defines a polyhedron |T !k(Ψ k, IK k)| = RΨ  k (Tab. 4) [16], 
  C ( ) ,k

A p pf − =Ψ i  
for an arbitrary j-th N-simplex Ψ , (Ψ , )k

k k k
j T −∈Δ IK  function ( )k

Af − i  is affine on Ψ ,k jΔ  and 
can be defined with the following formulas 
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 Equation (7) for N = 2 presented in Figure 1 for arbitrary j-th simplexes has a form: 
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 A view of triangulations is shown in the Table 3. A view of polyhedra defined using these 
triangulations and representing domain and range of f k for ϕ  =  ϕ 1  is shown in the Table 4. 
Exemplary data are shown in Tables 5 and 6. 
 

Table 3. Triangulations used in the model for ϕ  =  ϕ 1  
T 1 (I 1, IK 1) T !1 (Ψ 1, IK 1) 

  

Table 4. Domain and range of 1
Af  as polyhedra for ϕ   =  ϕ 1  

| T 1 (I 1, IK 1)| = RI 1 | T !1 (Ψ 1, IK 1)| = RΨ 1 

  

 For polyhedra RI  k, RΨ  k (Tab. 4) which are convex hulls of appropriate point sets I k,Ψ k 
(Tab. 1) the simplical approximation theorem applies. Its version for the above described 
structures can be defined as ([2] – page 381, theorem 7.2.2.8): 
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 “For a continuous map on:k k kf ⎯⎯→ ΨRI R  and triangulations of its polyhedra T k(I k, 
IK k), T !k(Q k , IK k) for an arbitrary real number ε > 0 there exist barycentric subdivisions 

k
bT  of T k, k

bT −  of T !k such that its simplical approximation g: on1 1
b bT T −⎯⎯→  allows an ap-

proximating function k
Af  to meet a condition D( f  k( i ) , k

Af ( i)) < ε for each i ∈ RI  k ” where 
D is an Euclidian norm. 
 There are various versions of the theorem using different methods of proof ([16] – page 
119, theorem 2.5.11; [40] – subchapter 3.4). Algorithm described in the paper is an application 
of that theorem. The theorem also defines the way to accuracy improvement by barycentric 
subdivision of existing triangulation [2]. Barycentric subdivision algorithm is very similar to 
mesh refinement in FEM [29]. 

 

Table 5. Flux linkages on triangulations 

ψAC (RI 1) ψBC (RI 1) 

  
 

Table 6. Currents on triangulations 

iA(RΨ  1) iB(RΨ  1) 

  
 
2.4. Evaluation of energy and coenergy for ϕ = const 

 Properties of affine transformation on simplexes (e.g. due to their convexity [2]) enable 
simple evaluation of line integrals which are necessary for calculation of energy and coenergy 
(Fig. 2). Using equations (2)(3) their increments along edges of simplexes can be obtained 
according to formulas: 
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for arbitrary vertices m, l (Fig. 1). 
 Line segments inside corresponding simplexes with an arbitrary vertex n as an end point 
(Fig. 2) can be defined as: 

  [ ] [ ]' , ' ( ), 0, 1 ,n n nγ γ∈ ⇒ = + − ∈i i i i i i i  (12) 

  [ ] [ ]' , ' ( ), 0, 1 .n n nγ γ∈ ⇒ = + − ∈Ψ Ψ Ψ Ψ Ψ Ψ Ψ  (13) 

 

 

Fig. 2. Line segments, integration paths and parameters 
 
 In both cases the parameter ( is the same as line segments are mutual images of one ano-
ther in the affine transformations /k k

A Af f −  [2]. The coenergy increment is: 
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Integration gives the following result: 

  ( ), 1Δ ( ).
2

m l
cm l m l mE = + ⋅ −Ψ Ψ i i  (15) 

Similar evaluation for energy leads to the result: 

  ( ), 1Δ ( ).
2

m l
mag l m l mE = + ⋅ −Ψ Ψi i  (16) 

 Using the above results one obtains values of energy/coenergy in all vertices of the train-
gulation in the form of two sets Ecm(k) = {Ecm,1, … Ecm,p, …, Ecm,P(k)} and Emag(k) = {Emag,1, … 
Emag,p, …, Emag,P(k)} (Tab. 7). In the evaluation the reference vertex is the one with 
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( ), 0 ,cmE = =0in  ( ), 0magE = =0n Ψ  and the following ones are evaluated in series using 
the tree of the graph of triangulation [18]. 
 Because there exists a relationship between Ecm/Emag in the model, only coenergy is 
calculated and energy is obtained from equation (4). The reason is accuracy of data in sets I k 
as they are inputs in FEM while data in Ψ k are outputs of FEM calculations and thus are more 
error dependant [29]. Therefore, in an arbitrary point ,k

k
I j∈ ⊂i RIΔ  only coenergy is cal-

culated (Fig. 2). 

  ( ) ( ) ( )
,

1, , ( ).
2kI j

cm k cm k n n nE EΔ = + + ⋅ −Ψ Ψi i i in n  (17) 

 This formula is equivalent to application of trapezoidal integration method which is exact 
for linear interpolation used in the model [2]. 
 

Table 7. Coenergy/energy on triangulations 

Ecm(RI 1) Emag(RΨ  1) 

  
 
2.5. Choice of angular interpolation method 

 Methodology presented in the previous part of the paper enables the evaluation of flux 
linkages, currents and energy/coenergy at an arbitrary point of spaces RΨ  k ⊂ EN, RI k ⊂ EN at 
any constant angular position ϕ k  ∈ Θ. Those spaces are only hyperplanes in the system con-
figuration space EN + 1 representing both mechanical coordinate ϕ and electrical variables i or 
Ψ. Depending on the choice of electrical variable the space to be analysed is either current 
space IΘ  ⊂ EN + 1 or flux linkage space ΨΘ  ⊂ EN + 1 [7]. 
 In order to find approximations f A/f !A (Fig. 3b) for functions on: /f ⎯⎯→IΘ ΨΘ  

on1/ :f − ⎯⎯→ IΨΘ Θ  necessary for implementation of HMEA slightly different method will 
be applied than was used for ϕ = const. Its aim is preservation of standard approach used in 
analysis of electromechanical actuators [25]. It is based on separate treatment of mechanical 
and electrical variables which results from structure of system differential equations (1) 
[37, 39]. Similar situation also occurs in field models of electric machines due to problems 
with evaluation of electromagnetic torque and movement representation [13, 29]. 
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 The main problem is related to electromagnetic torque evaluation present in (1) [1, 11, 13]. 
Depending on the choice of variable it is described either as [43]: 
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 The main conclusion that can be drawn from above equations is that the interpolation used 
in the evaluation of flux linkage/current as functions of an angle must be the same as for co-
energy/energy. Otherwise, there would be an inconsistency in the model differential equations 
as the electromechanical energy conversion and torque development are the same phenomena 
[39, 43].  
 There are various possibilities in the choice of angular interpolation: 
  C piecewise constant interpolation [24], 
  C local linear interpolation which will be described below (Sec. 2.6), 
  C local cubic splines which are used in simulational model [P. II] [18], 
  C global Fourier series/FFT – which is the most common choice in the analysis of rotating 

electromechanical actuators [38, 39, 43]. 
 In the paper only the local linear interpolation in IΘ /ΨΘ is described as the natural con-
tinuation of approach used in RΨ  k ⊂ EN, RI  k ⊂ EN. 

2.6. Evaluation of variables as function of an angle (ϕ = var) 

 Assuming that the state of the system at time instant t is described by Hamiltonian vari-
ables ( ) ( ) ( ), , Tt K t t⎡ ⎤⎣ ⎦Ψn  then the following quantities must be evaluated in order to 
integrate the state space equations(1):  
  C current i( t)  using known approximations ,k

Af −  ( )1 ,k
Af − +  at ϕ k  and ϕ k +1 where ϕ ∈ < ϕ k , 

ϕ k +1 >, 
  C electromagnetic torque Te(t). 
 Algorithm of current i(t) evaluation can be divided into the following steps (Fig. 3): 
  C create projection (mapping) of Ψ (t) on hyperplanes RΨ  k i RΨ  k + 1, 
  C find two N-simplexes Ψ , ,k nΔ 1Ψ , ,k m+Δ  such that: Ψ ,( ) ,k

k
nt ∈ ⊂Ψ Δ ΨR  1Ψ ,( ) k mt +∈ ⊂Ψ Δ  

1,k+⊂ ΨR using TriRep structure in Matlab [27] (Fig. 3a), 
  C evaluate barycentric coordinates " k,  n(Ψ (t)), " k+ 1 ,  n(Ψ (t)), 
C evaluate currents 
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 using equation (7), 
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  C evaluate unknown current using linear interpolation (Fig. 3b) 
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as an image of a line segment in affine transformation is another line segment (Fig. 3b).

  

 

Fig. 3. Current evaluation a) choice of simplexes, b) interpolation 

 To evaluate torque Te for angle ϕ ∈ < ϕ  k , ϕ  k +1 > one must use the following integral: 
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 In case of linear current interpolation (20) the calculated torque Te is equal to an average 
value Avg

eT  of the torque integral in equation (21) as for linear interpolation of energy its 
differential vs. angle is constant: 

  1
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 Using the quantities already obtained during current i(t) evaluation the torque is calculated 
as follows: 
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where n0 is an arbitrary vertex of N-simplex Ψ , ,k nΔ  m0 is an arbitrary vertex of N-simplex 
1Ψ , ,k m+Δ  (Fig. 3). 

 A modification of this algorithm is necessary when ϕ (t) = ϕ k . The algorithm must be per-
formed twice for two pairs of hyperplanes: 
  C RI  k ! 1, RI  k – which gives 
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  C   RΨ  k, RΨ  k + 1 – which gives 
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 It gives the final value of the torque equal to their average as an analogy to method used in 
Fourier series method at a point of a step change: 

  ( )1, , 11( ( ) , ( )) ( ) ( ) .
2

k k k k
e k e eT t t T t T t− += = +Ψn n  (26) 

 Those formulas can be easily implemented in the simulation model using user-defined 
function in Matlab/SIMULINK environment [27]. 

 
3. Conclusions 

 Main capabilities of proposed HMEA implementation are based on assumed topology of 
databases (local linear homeomorphism [19, 40]). Similar approach has been used in de-
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scription of electronic nonlinear circuits and networks for decades [41]. To apply this ap-
proach for electromechanical actuators one must use proper current sets I k, k 0 {1, …, K} 
(Tab. 1) to ensure that local behaviour of analysed variables can be treated as linear. The solu-
tion of this problem could be found in procedures used in Finite Element Analysis FEA [29]. 
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