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A ONE-DIMENSIONAL MODEL FOR THE HEAT CONDUCTION IN
RING-LIKE BODY

A one-dimensional model based on the Fourier’s theory of heat conduction is
developed for ring-like bodies. The ring-like body is an incomplete or complete torus
with arbitrary cross section. The thermal properties of considered rings are indepen-
dent of the polar angle. Examples illustrate the application of model presented.

List of symbols

a area of the cross section

B; Fourier’s coefficients (1 =0, 1, 2, ...)

c specific heat

C thermal cross-sectional property defined by Eq. (14)

Dy, E; Fourier’s coeflicients (i =0, 1, 2, ...)

e, e, e unit vectors of the cylindrical coordinate system (O; r, ¢, z)

fi = fi(p) eigenfunction (i = 1, 2, ...) defined by Eq. (42)

F=F(, o, 2) initial value of the temperature

h internal heat source

H heat source “resultant” defined by Eq. (16)

ki, ko constants defined by Eq. (32)

n =-e, outer normal vector of dB;

n =e, outer normal vector of 0B,

n3 = nye, + n;e; outer normal vector to the boundary surface segment 0B;

Pi> P2, D3 are prescribed surface heat sources defined on dB;, 0B, and
0B3 respectively

qgi=4q-n; heat flux (i = 1,2,3)
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P1s P2, P3 are prescribed surface heat sources defined on dB;, dB; and
0Bj; respectively
qgi=4q-n; heat flux (i = 1,2,3)
q heat flux vector (g = q,(r, ¢,2)e, + g (1, p,2)e, + q.(r, ¢, 2)e;)
0] heat flux “resultant” defined by Eq. (25)
r radial coordinate
Te the radial coordinate of the centre of cross section
R cross-sectional property of circular cross section defined by
Eq. (28)
s arc coordinate defined by boundary curve 0A
T =T(r,¢,z,T) temperature field
T, T, given temperature of the end cross sections used in Eq. (26)
v =ve, given velocity field
Z polar coordinate
Greek symbols
ap, @, @3 convective heat transfer coefficient to surfaces dB;, dB, and
0B;
B, B2 cross-sectional properties defined by Eq. (19)
Bo =1 =P, constants, used in Eqgs. (38) and (40)
B3 modified coefficient of heat transfer defined by Eq. (13)
Vi positive roots of Eq. (43), (i =1,2,...)
61, 6>, 05 given temperatures
A thermal conductivity
A thermal cross-sectional property defined by Eq. (15)
Jol density
T time
@ polar coordinate
@ polar coordinate of end cross section (for open ring ¢ < 2r;
for closed ring ¢ = 2r)
w angular velocity

1. Introduction

The aim of this paper is to reduce the solution of the three-dimensional
problem of heat conduction in an inhomogeneous ring-like body to the solu-
tion of a one-dimensional problem. The formulation of the one-dimensional
theory of the heat conduction is based on the field equations and bound-
ary conditions of the three-dimensional theory of heat conduction in so-
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lid body. The presented approach is similar to the solution of the three-
dimensional elasticity problem of rod-shaped bodies by the application of
the one-dimensional theory of elastic beams [5,6]. The approximate solu-
tion based on the one-dimensional solution can be applied for curved beam
of uniform cross-section, whose cross section is much smaller than as the
length of the center line of the beam like body. This statement is supported
by Example 4.5, in which the presented method is compared with a FEM
solution.

In this paper, the interest is focused on heat conduction problems in
ring-like bodies. The presented model is based on the Fourier’s theory of
heat conduction. The ring-like body is generated by the rotation of a plane
figure whose inner and outer boundary points are taken from the set A and
AA, respectively. The domain A = A U dA is the “cross section” of the
ring-like body, which is a bounded plane domain. The ring-like body (torus)
occupies the region B=BUOB, B = AX%(0,¢), 0B =0BUIB,UJB3, 0B] =
{(r.@.2)|(r.2) € A, ¢ =0}, B, = {(r.¢,2)|(r.2) € A, ¢ = ¢}, IB; = HAX[0, ¢]
which are referred to a given cylindrical coordinate system (0; r, ¢, z7) whose
z axis is the axis of rotation. The angle of rotation is ¢ (0 < ¢ < 2m), for
complete ring ¢ = 2w and 0B = 0B;.

It is assumed that the thermal properties do not depend on the angle
coordinate ¢, but they may depend on the cross-sectional coordinates r and z.

Fig. 1 illustrates the cross section of the ring-like body in a meridian
plane ¢ = constant.

Fig. 1. Cross section of a ring-like body

The problem of heat conduction in the body is ruled by the balance
equation [1, 2, 3]

—V-q+h:cp(g—:+(v-V)T) (1)
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and by the Fourier’s law
¢ =-AVT @

in B with the boundary and initial conditions

=q-n =a(T-6)-p ondBy, (3)
g =¢q-n=ay(T -6)—py ondb,, 4)
g3 =¢q-n3 =a3(T —6;)— p3 on 0B;, 5)

I(r,p,2,0) = F(r,¢,z) in B. (6)

In Egs. (3), (4) and (5) putting ; = 0 (i = 1,2,3) we obtain the case
of prescribed heat flux condition which is a Neumann’s type boundary con-
dition. The prescribed surface temperature, the case of Dirichlet’s boundary
condition can be obtained from Egs. (3), (4), (5) by a@; — o0 (i = 1,2, 3).

2. One-dimensional model

Eq. (1) in cylindrical coordinates r, ¢,z can be written in the next form
[4.5]
oT oT

0 0 Hq
- [5 (rg0) + 5 (rqa] 5 T = cpr(a— ¥ w%) (7)

Here, we have assumed that the velocity field is given by the equation
v =ve, = rwe,, (w = constant). (8)

Integrating Eq. (7) over A and using the Stokes’ theorem [4, 5] we get

T
fqyds—fﬂdA+frhdA fcpr(a—+a)—) dA. 9)

According to the Fourier’s law we can write

19T
o= —==. (10)

r o

The governing supposition is that the temperature does not depend on the
cross-sectional coordinates r and z, i.e. T = T(¢p, 7). Inserting this assumption
into Eq. (10) and Eq. (9) we obtain the field equation of the one-dimensional

model for the heat conduction in ring-like body as
or  aT T
Cl— +w— A——ﬁ3(T 0:)+H, 0<¢<2nm. (11)

or oy dp?
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Here, we have used
fq3rds:fq-ny’ds:fag(T—Hg)rds—frpgds, (12)
AA AA AA AA
where
B3 = fozyds (13)
dA
and we have introduced the next thermal cross-sectional properties
C= f p(r,z2)c(r,z) r dA, (14)
A
A(r,
A= f (2 44 (15)
r
A
and H is defined as
H = frhdA+fp3rds. (16)
A 9A

We note, the temperature of the surrounding medium depends only on

¢ and T, i.e., 65 = 63(p, 7).

3. Boundary and initial conditions

The boundary condition formulated by Eq. (5) is built in the field equa-
tion (11), but we note that in this model the case a3 — oo is not possible
since in this case, T — 63, i.e. the Eq. (11) cannot be satisfied. In order to
obtain the one-dimensional version of boundary conditions (3) and (4) we

integrate Eqs. (3) and (4) over A. The integration yields the result
oT

Az, =pi(T-6))-p1. ¢=0,
oT .
Ao =B (T-6)-pr ¢=¢. ¢=2m
@
where |
éi:Efai(r,Z)gi(r’Z)dA’ Bi= fOlidA,
' A A

pi = fp,-(r, z)dA i=1,2).

A

(17)

(18)

(19)

(20)
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Boundary conditions above formulated are referred to open ring-like body
(¢ # 2n).

In the case of closed ring (¢ = 27) we do not have boundary conditions
at ¢ = 0 and ¢ = 27 as given in Eqgs. (17) and (18). For closed ring we have

oT oT
T(0) = T(2), (a_) - (a_) . @1)
‘10 (10:0 90 ¢:2ﬂ

Eq. (21) expresses that T is periodic in ¢ with period 2.
Integration of Eq. (6) gives the initial condition of the one-dimensional
heat conduction model

1
T(p,0) = - fF(r, @, 7)dA, (22)
A
since it was assumed that 7 does not depend on the cross-sectional coordi-

nates r and z.

4. Examples
4.1. Heat flow in incomplete torus
A steady state heat conduction problem is considered, the ring-like body

is an incomplete torus, i.e. 0 < p < ¢p <2n. Let p3 =0 a3 =0, w =0 and
h = 0. In this case we have

o*T
— =0, 0<p<a, 23
Y p<¢ (23)
that is —_—
T=Ti+—=>"Ly, 0<¢p<g¢, (24)

where T = T(0), T, = T(¢). The heat flux resultant Q is defined as

Q:f%dA:—f/—lg—TdA. (25)
A

rogp
A
A simple calculation gives

A
Q= % (T, -T). (26)
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If the material is homogeneous then we have

p) dA
a=22 f_ 12 27)
R R r
A

For solid circular cross section R can be obtained by the next formula [6]
(Fig. 2):

R= . (28)

Fig. 2. Circular cross section

4.2. Heat flow in closed ring caused by a rotating line heat source

In this example, we determine the temperature field for a closed ring
which is caused by a rotating line heat source which acts on a meridian
section of dBj3 at time 7 and its definition is given as

f p3rds = P30(p — w1), P3; = contant (29)
AA
Here, we note the unit of line heat source P5 is [Watt].

In Eq. (29) 6(¢) is the Dirac function. According to Eq. (16) we can
write

H = P33(p — w1), (30)
since & = 0. Let the function f = f(¢) be defined as

fl@)=06(¢—9) 0<¢<2r, and f(p) = f(¢+2nm) n=0,+1,£2,+3,...
(1)
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Representation of f(¢) by its Fourier’ series is as follows [7]

11 <&
=—|= o —id)]|. 2
f@) =~ [2 + 21] cos(ip n?)] (32)
Combination of Eq. (30) with Eq. (32) (¢ = wr) gives
Pl <
H= 73 3 ; cos(ip — iw‘r)l. (33)

The ring looses heat by convention into the surrounding medium at
temperature 63 = 0 according to the Newton’s law of cooling. For the present
problem Eq. (11) has the form

(o]

or T o’T Ps|1
— — |=A—-B3T + —|= E (0 — 1 . 4
C(&T + w&p) 992 BT + = [2 + 2 cos (i lw‘r)l (34)

We consider only the “large time solution” of Eq. (34). The large time solu-
tion is valid for  >> 0 and its determination does not require initial condition
[1]. The temperature field belonging to 7 >> 0 is a periodic function of the

time coordinate .
We assume that

T(p,7) = To + Z T; cos (ip — iwT) . (35)
i=1
Substitution of Eq. (35) into Eq. (34) gives

Py
Ty = ——, 36
0= 2087 (36)
P
= (i=1,2,...) 37)
iZA + Bam
The final formula of the large time solution is represented as
P3 > 2B S
T(p,7)=— |1+ ) ———— - . 38
(¢, 7) 2767 [ 2iRE + cos (ip — iwT) (38)

For homogeneous curved beam of solid circular cross section (Fig. 2) by the
data 1 = 400 W/mK, a3 = 5W/m’K, b = 15mm, r; = 35mm, w = 0.5 1/s

N 2133 ~
the graph of the function 7'(¢,7) = ;—'&T(go, 7) is shown in Fig. 3, where
3

10

2
+ Z Az’2’i3,83 cos (ip — im)} (39)
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Fig. 3. The graph of T(¢, )

4.3. Closed ring is allowed to cool by convention

The surrounding medium has zero temperature 63 = 0 and the initial
temperature of the ring is given by its Fourier series as

T(¢,0) = Z (Dy cos kg + Ej sin k) . (40)
k=0

In the present case, the ring is fixed w = 0 and it is assumed that there are
no internal heat source in B and there is no surface heat source on dBs, that
is, we have h = p3 = 0. It is very easy to check all the conditions of cooling
problem considered are satisfied if

T(p,7) = i exp [— (A +3) %] (D coskp + Egsinkg).  (41)
k=0

We note, if
T(p,0) = Ty = constant, (0 < ¢ <2m) (42)
then (41) becomes
T(p,7) =Toexp (—B%T) . (43)

4.4. Split ring is allowed to cool by convection

The closed ring considered in Section 4.3 at ¢ = 0 is opened by a
splitting. Same data are used as in the case of closed ring. The boundary
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conditions according to Eqgs. (17), (18) at ¢ = 0 and ¢ = 27 are as follows
for the case of p; = p, =0and 6; =6, = 0:

oT
~A—+BT=0 ¢ =0, 44)
dp
T
AT +BT =0 ¢=2nm. (45)
Ay

Here, we assume that 8; = 8, = .
Both the field” equation (11) and boundary conditions (44), (45) and
initial condition (22) are satisfied if

< ZA +
T(pr)= Y Biexp (—ur)ﬁ(¢), (46)
i=1

C
where
filp) = Bosiny;p + Ay;cosyp, 0<¢@<2r, (=12,...), 47

and v; is the positive roots of the transcendental equation

2Boy A

tan 21y = ———— (48)
(YA - B;
and
1 2r
5= [ 10 (49)
"9
2 4
. sin 47y,
D; = f fA(@)de = 1 [y2A% + B] + ABosin® 2ny; + 47_7 |82 + 22,
1
0
i=12,...).
(50)
We note, if
T(p,0) = Ty = constant 28]
then . 5 A sin2
p, = Aol —cosmy) + Ayisindryi o (52

%’Di

The derivation of solution (46) is based on the integral transform technique
described in [1].
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4.5. Numerical solution of heat conduction problem for split ring

In this section, a numerical solution is presented for the transient heat
conduction problem for a composite split ring of rectangular cross section.
The numerical solution is based on the formulae derived in Section 4.4 of
this paper. The considered cross section is shown in Fig. 3. The following
data are used:

r1r=08m, r»n=08m, r=09m, r=001lm

k k w w
01 =7850 -2 ) = 8960 -5, A, =400 ——, A, =60 ——,
m3 m3 mK mK

J J
c1 =385 ——, =460 —

kgK kgK
a1:20% for ry <r <, |z|<%,(p=0;
01:10% for r<r<rs, |z|<%,(p:0;
Q/Z:ZO% for ri<r<mr, |z|<%,90:27r;
azzlomwTK for ry<r<rs, |z|<%,90:27r;
a3:20mV2VK for r=ry, 0<g<2n |z|<%, and
for ri <r<ry 0<¢<2n, Izlzé;

W t
ogleM for r=rs;, 0<¢p<2n, |z|<§, and

for n<r<r;, 0<¢<2m, |Z|=§-

For the FEM solution the ring-like-body is discretized by three-dimensio-
nal forced convection/diffusion linear elements (DCC3D8). The total number
of variables in the whole model is 3682. The distribution of elements in
radial, circumferential and axial directions is quasi uniform.

For 79 = 0s, 7y = 50s, 75 = 500s, 73 = 1000s and 74 = 10000s
the temperature fields calculated from Eq. (46) for open ring are shown in
Figs. 5-9 compared with FEM solutions which were obtained by the use of
Abaqus finite element software. In Figs. 5-9 TrpMm is defined as

— — 1
Teem = Trem(p) = P f Trem dA, (53)
A
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Fig. 4. Composite rectangular cross section

where Trgpy denotes the temperature field extracted from FEM computations.
For the "numerical analytical” solution in Eq. (46) instead of infinite number
of term only ten terms were considered.

1004 F-------- | B . R R | E - -
r : : : : : ;

] S g oo e Rt _ L analytical o 1§ ]
: : : T FEM, 7 = 0s 4| | i
I SRS it w et ietoks [ LU
0 1 2 3 4 5 6 7

¢ [rad]

Fig. 5. Temperature field of open ring at 7 = 7,

005 W] _ Tlo analytical o
' : Lix FEM, 7 = 505 2
0.948 IR SRRSO SO Mhveseen Beeeeens R RRRS ok EEEE
0.946 [+~ v - redeememneneboe i E RCALRRRIT T CUPPREES .
i i i i i i
0 1 2 3 4 5 6 7

@ [rad]

Fig. 6. Temperature field of open ring at 7 = 74
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0.640 T T T T
T : : ! ' :
To . . . . . .
0.635 - @Bsgi g g oG oo DL LS : S .
0.630 [f- A AATTA A A A A A A A 7
; . = analytical o
0.625 Fes Hg  RAAVEEEOL N |
: FT—EOMFEM,T:SOOSA
020 i | | a a i
0 1 2 3 4 S 6 7
o [rad]
Fig. 7. Temperature field of open ring at 7 = 7,
041 T T T
T B : : : ; ; : |
To ‘ : ' : ' :
040?22/97 _________ __________ _________ ________ A‘\\ ______ .
A NRNARAREARR RN NI
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‘_ : : | TY; analytical © ; |
: : | I FEM, 7 = 1000s v
038 -0 e Pttt —=0 - . it et N
. | i i | i i
0 1 2 3 4 5 6 7
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Fig. 8. Temperature field of open ring at 7 = 73
14e-05 T I I T
I - _ 7 analytical © | |
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12€-05 [----rmmimemmnees SRR oo 0 --------- T .
10605 oo Py e T il
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Fig. 9. Temperature field of open ring at 7 = 74
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5. Conclusions

A one-dimensional model based on Fourier’s theory of heat conduction
is presented. The main assumption is that the temperature field depends only
on the polar angle, i.e., in a cross section the temperature does not change.

The ring-like body may be a complete or incomplete torus with arbitrary
cross section. The thermal properties may depend on the cross sectional co-
ordinates, the ring-like body in circumferential direction is homogeneous.
It is possible that the ring-like body is a composite of different homoge-
neous materials, so that the thermal properties are piecewise constants in the
cross section. The discontinuity of thermal properties should not effect to
the validity of the presented approximation.

Examples show how we can use the one-dimensional model developed
to solve steady and unsteady heat conduction problems in closed and open
composite ring-like bodies.
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Jednowymiarowy model przewodnictwa cieplnego w ciele o ksztalcie pierscieniowym

Streszczenie

Opracowano jednowymiarowy model przewodnictwa cieplnego dla cial o ksztalcie piers-
cieniowym oparty o fourierowskg teori¢ przewodnictwa. Rozwazane ciala maja ksztalt pelnego lub
niepelnego torusa o dowolnym przekroju. Wtasciwosci cieplne rozwazanych cial sa niezalezne od
kata biegunowego. Przedstawiono przykiady ilustrujace zastosowanie modelu.



