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Abstract: The positive asymptotically stable continuous-time linear systems are appro-
ximated by corresponding asymptotically stable discrete-time linear systems. Two me-
thods of the approximation are presented and the comparison of the methods is addres-
sed. The considerations are illustrated by three numerical examples and an example of
positive electrical circuit.
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1. Introduction

In positive systems inputs, state variables and outputs take only non-negative values.
Examples of positive systems are industrial processes involving chemical reactors, heat ex-
changers and distillation columns, storage systems, compartmental systems, water and atmo-
spheric pollution models. A variety of models having positive linear behavior can be found in
engineering, management science, economics, social sciences, biology and medicine etc. Posi-
tive linear systems are defined on cones and not on linear spaces. Therefore, the theory of
positive systems is more complicated and less advanced. An overview of state of the art in
positive systems theory is given in the monographs [5, 8]. The positivity of electrical circuits
composed of resistors, coils, condensators and voltage (current) sources has been analyzed in
[10].

Stability of positive linear systems has been investigated in [5, 8] and of fractional linear
systems in [2-4, 12]. Finite zeros of linear discrete-time systems has been analyzed in [15] and
of positive linear systems in [13, 14].

The problem of preservation of positivity by approximation the continuous-time linear
systems by corresponding discrete-time linear systems has been addressed in [9]. The approxi-
mation of positive stable continuous-time linear systems by positive stable discrete-time linear
systems has been considered in [7].
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In this paper two methods of approximation of positive stable continuous-time linear
systems by positive stable discrete-time linear systems will be presented and a comparison of
the methods will be given.

The paper is organized as follows. In Section 2 basic definitions and theorems concerning
positive continuous-time and discrete-time linear systems are recalled. Two methods of appro-
ximation of positive stable continuous-time linear systems by positive stable discrete-time
linear systems and the comparison of the methods are presented in Section 3. Concluding
remarks are given in Section 4.

The following notation will be used: R — the set of real numbers, R"™" — the set of nxm
real matrices, R — the set of nxm matrices with nonnegative entries and R” = R,
M, — the set of nxn Metzler matrices (real matrices with nonnegative off-diagonal entries),
M,s — the set of nxn asymptotically stable Metzler matrices, R’g' — the set of nxn
asymptotically stable positive matrices, 7, —the nxn identity matrix.

2. Preliminaries and the problem formulation

Consider the continuous-time linear system
x(t) = Aex(t) + Beu(t), x(0) = xo, @0
where x(t) e R", u(t) e R™ are the state and input vectors and 4. € R™", B. e R™" .

Definition 2.1. [5, 8] The system (2.1) is called (internally) positive if x(¢f) e R, >0 for
any initial conditions x(0) = xo € R} and all inputs u(¢) € RY, >0.

Theorem 2.1. [5, 8] The system (2.1) is positive if and only if
A. eM,, B, e RT™. 2.2)

Definition 2.2. [5, 8] The positive system (2.1) is called asymptotically stable if for u(z) =0,
t>0

lim x(¢) = 0 for all xy € RY. (2.3)
[—o

Theorem 2.2. [5, 8] The positive system (2.1) is asymptotically stable if and only if all
coefficients of the polynomial

det[I,s — Ac]1=5" + anas" " +..+a1s + ao 2.4

are positive, i.e. a; >0 for i=0,1,...,n—1.
Now let us consider the discrete-time linear system

Xiy1 = Agxi + Bau;, ieZ, = {0,1,2,...}, 2.5)

where x; e R”, u; e R"™ are the state and input vectors and 4; € R, By e R™".
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Definition 2.3. [5, 8] The system (2.5) is called (internally) positive if x; e R, ie Z, for
any initial conditions xo € R’ and all inputs u; e RY, ieZ,.

Theorem 2.3. [5, 8] The system (2.5) is positive if and only if

Ay e RV, By e RE™. (2.6)
Definition 2.4. [5, 8] The positive system (2.5) is called asymptotically stable if for u; =0,
ieZ,
limx; =0 forall xo € RY . .7
1—>0

Theorem 2.4. [5, 8] The positive system (2.5) is asymptotically stable if and only if all coef-
ficients of the polynomial

det[I,(z+1)— Ag]=z" + @z +...+ @z +ao (2.8)

are positive, i.e. @; >0 for i =0,1,...,n—1.

In this paper two methods of approximation of positive stable continuous-time linear sy-
stems by positive stable discrete-time linear systems will be presented and a comparison of the
methods will be given.

3. Methods of approximation and their comparison
3.1. Method 1
In this method the derivative x(¢) will be approximated by

Xi+l — X

J’C(t):T, i=0,1,.. (3.1
where x; = x(ih) and & > 0 is the sampling time (step).
From (2.1) and (3.1) we have
Xiv) = Agxi + Bau;, i=0,1,... (3.22)
where
Ay =1, +hA., By =hB, (3.2b)

and u; =u(ih), i=0,1, .... B
From (3.2b) it follows that if 4. € M, then 4; € RY™" if and only if
1
h<s——— (3.3)

b
max|a,~,,~|
1<i<n

where a;; (i=1, 2, ..., n) is the i-th diagonal entry of 4...
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Therefore, we have the following theorem.

Theorem 3.1. The discrete-time system (3.2a) is (internally) positive if and only if the con-
tinuous-time system (2.1) is (internally) positive and the sampling time 4 satisfy the condition
(3.3).

Let the positive continuous-time be asymptotically stable (shortly stable). In this case by
Theorem 2.2 the coefficients of the polynomial (2.4) are positive, i.e. a; >0, k=0,1,...,n—1.

Theorem 3.2. The positive discrete-time system (3.2) is stable for any 4 > 0 if and only if the
positive continuous-time system (2.1) is stable.

Proof. By Theorem 2.4 the positive discrete-time system (3.2) is stable if and only if all coef-
ficients of the polynomial
det[I,(z+1)— Ag]=det[I,(z+1)— (I, + hA.)] = det[[,z — hA.] =
(3.4)
=z"+a,z" . raz+ao

are positive a; >0, k=0,1,...,n—1.
It is easy to show that the coefficients a; and a;, k=0, 1, ..., n — 1 of the polynomials
(2.4) and (3.4) are related by

— — 2 — n
ap-1 = ha,1,,a,2 =h"a,,...ap = h"ay. (3.5

From (3.5) it follows that a; >0 if and only if a; >0 for k=0, 1, ..., n — 1 and for any
h > 0. Therefore, by Theorem 2.2 and (2.4) the positive discrete-time system (3.2) is stable if
and only if the positive continuous-time system (2.1) is stable.

Now let assume that the continuous-time system (2.1) is not positive but stable. Let
s;i =—a; + jB; (i=1,2, ..., n)be the i-th eigenvalue of the matrix A4.. It is well-known [6, 12]
that if s; is the eigenvalue of A, then z; =1+ hs; is the eigenvalue of the matrix A, defined
by (3.2b). The discrete-time system (3.2) is stable if and only if

|zi| =1+ hs;| =1 - ha; + jhBi| <1 fori=1,2, ..., n. (3.6)
From (3.6) we have
(—ha;)* +(hB;)* <1. 3.7)
Solving (3.7) with respect to # we obtain

. 2a;
h < min ——. (3.8)
1<i<n ai + ﬂi
Therefore, the following theorem has been proved.

Theorem 3.3. The discrete-time system (3.2) is stable if and only if the continuous-time
system (2.1) is stable and the condition (3.8) is met.
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Example 3.1. Consider the positive continuous-time system (2.1) with the matrices

R N 39
6_0_23 C_l' ()

For i = 0.4 the corresponding discrete-time system (3.2) is also positive since

— 0604 — 0.4
Ad=12+hAC:[0 Oz}esni*z, Bd:th{OJeiRi, (3.10)
but for # =1 it is not positive since
_ 01 — 1 )
Ag =1, +hAd. = 0-1 eM,, By =hB, = 1 e R:. (3.11)

Note that for 2 = 0.4 the condition (3.3) is satisfied

et 1
max |a,-,,-| 2
1<i<2
but it is not satisfied for 2 = 1.
The positive continuous-time system (2.1) with (3.9) is stable since by Theorem 2.2 the

polynomial

s+1 -1

=52 +3s+2 (3.12)
0 s+2

det[Zrs — 4,1 =

has all positive coefficients.
The corresponding positive discrete-time system for 2 = 0.4 is also stable since by
Theorem 2.4 all coefficients of the polynomial

z+04 04

detllz~hd;]=|"" "

‘: 22 +12z+40.32 (3.13)

are positive.
Figure 1 presents the step response of the continuous-time and discrete-time systems.

Example 3.2. Consider the continuous-time system (2.1) with the matrices

-2 -1 1
A, = { 0 _3}, B. = M. (3.14)

The system is stable but not positive.

By Theorem 3.3 the corresponding discrete-time system is also stable for the sampling
time /4 satisfying the condition (3.8). In this case o =2, a,=3, f = =0 and from (3.8)
we have
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h< min —2% __2 (3.15)
Isis2g? 4 g2 3
For 2= 0.5 we obtain
- 0 -1 §
Ag =1, + hA, {0 —0.5}€m2 2, (3.16)

Therefore, the discrete-time system with (3.16) is stable.

Step responce 5 Step responce

Amplitude
Amplitude

0g 5 10 15 20 25 2 4 6 8 10 12 14 16 18 20

Time (sec) Time (sec)

Fig. 1b. Step response of continuous-time (blue)
with matrices (3.9) and discrete-time (green)
systems with matrices (3.11) for 2 =1

Fig. 1a. Step response of continuous-time (blue)
with matrices (3.9) and discrete-time (green)
systems with matrices (3.10) for 2 = 0.4

Example 3.3. Consider the electrical circuit shown in Figure 2 with given resistances
Ry, R,,R3, inductances L, L, and source voltages e, e;.

Fig. 2. Electrical circuit

Using the Kirchhoff’s laws we can write the equations

di
el = R3(iy —iz) + Ryi +L1i,
(3.17)

di
ey = R3(iy —i1) + Raiy + Ly i,
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which can be written in the form
irl}:A[fl}rB[ﬂ, (3.182)
dt| iz 153 e
where
_ Ry +R3 R3 1 0
_ L L _| L
Ao = R RER B, o (3.18b)
L, L L

The electrical circuit is positive since the matrix 4, is Metzler matrix and the matrix B, has
nonnegative entries. It is also stable since the polynomial

R] +R3 R3
ST L
det[I,s—A4.]= R31 R 41-R3
- +—
L L (3.19)

=S2+ R1+R3 +R2 +R3 S+R1(R2 +R3)+R2R3
L L LiLy

has all positive coefficients.
The corresponding discrete-time electrical circuit (3.2) for the sampling time 4 > 0 has the
matrices

| MR +Rs) Ry L
s _ L L B _| L
Ay =1, +hA, = hR3 1_h(R2+R3) , B4 =hB, = 0 L (3.20)
L L, Ly
and it is stable for any 4 > 0 since the characteristic polynomial
oy h(R1L+ R3) 3 hf3
_ - 1 1 -
det[/,z — hA.] IR h(R + Ry)
L, L, (3.21)

2
2.0 R +R3 +R2 + R3 Z+h (Ri(Ry + R3)+ RoR3)
L L LiL,

has all positive coefficients.
Extending the result of Example 3.3 and using Theorem 3.2 we obtain the following
important conclusion.
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Conclusion 3.1. The approximation of positive stable continuous-time electrical circuits by
the use of Method 1 yields for any /# > 0 corresponding positive stable discrete-time electrical
circuits.

3.2. Method 2

It is well-known [7] that if the sampling is applied to the continuous-time system (2.1) then
the corresponding discrete-time system (2.5) has the matrices

h
Ay =e™" B, = IeA“’Bcdt, (3.22)
0

where 4 > 0 is the sampling time.
In this paper the following approximation of the matrix 4, defined by (3.22) will be applied

Ag =[A4c + Lalll,a - 4.1, (3.23)

where the coefficients « = a(h) =a /h >0 is chosen so that [4. + I,a]le RY". It is well-
known [1] that if 4. € M5 then det[/,a — A.]# 0 for any a > 0.
If det 4. # 0 then from (3.22) we have

By = A:'[e*" - 1,1B.. (3.24)

Theorem 3.4. If the positive continuous-time system (2.1) is asymptotically stable then the
corresponding discrete-time positive system (2.5) is also asymptotically stable.

Proof. It is well-known [6, 7, 11] that if 5., k=1, 2, ..., n are eigenvalues of the matrix
A. € M, then the eigenvalues z;, k=1, 2, ..., n of the matrix 4; € RY" defined by (3.23)
are given by

Sy ta
Zp =

fork=1,2,...,n. (3.25)
d— Sk

If the positive continuous-time system (2.1) is asymptotically stable then the real parts —a; of

its eigenvalues sy =—a; £ jfir, k=1, 2, ..., n are negative. In this case using (3.25) we
obtain
—artj a—-aptj
24| = a-ag _].ﬁk _ | k _]',Bk | -1 (326)
a+arFjpe | |a+arF b

and the discrete-time system (2.5) is also asymptotically stable.

Theorem 3.5. If the continuous-time system (2.1) is positive and stable then the discrete-time
system (2.5) with the matrix (3.23) is also positive for any sampling time 4 > 0.

Proof. If the continuous-time system (2.1) is positive and stable then 4. € M ,s and there
exists such a >0 that [4. +[,a]eRY". If A.eM,s then det[/,a—A.]#0 for any
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a>0 and [I,a—A4.]" € R™". In this case Ay =[Ac + [,a][I,a— A ] € R™" and by
Theorem 2.3 the discrete-time system (2.5) is positive.

Example 3.3. Consider the positive stable continuous-time system (2.1) with the matrices

4= 52l 327
6_0_33 C_l' ()

Using (3.23) and (3.24) we obtain for # = 1 and a = 4 the matrices 4; and By of the

corresponding discrete-time system (2.5) of the forms

_ o 2116 -17" [0.33330.1905
Aq =[Ac + hallla - A ] 12[0 J|:0 7} =|: 0 0 1429:| (3.282)

and

~2177'-0.8647 0.0855 |[0] [0.1156
“losier[ @2

By = A [e™" ~1,]1B. = =
d [e 2] 03 0 -09502]1

The eigenvalues z;, z, of the matrix 4, can be computed by the use of (3.25)

gofita 244 1 gaagn o os2ta 34 1 100 G29)
a— S 4+2 3 a—S) 4+3 7

From (3.28) and (3.29) it follows that the discrete-time system is positive and stable.
Figure 3 presents the step response of the continuous-time and discrete-time systems.

Step responce
0.7 T g T

o
o

o
(3}

b
IS

Fig. 3. Step response of continuous-time (blue) with
matrices (3.27) and discrete-time (green) systems with
matrices (3.28) for h=1and a =4 |

Amplitude
.
&

0 2 4 6 & 10 12 14 16 18 20
Time (sec)

3.3. Comparison of the methods
From (3.24) we have

Sk

1+— 2 2
zk:m:—a:(l+s—k){l+s—k+(s—kj +..}:1+2{S—k+(s—kj +} (3.30)
(04 (04 (04 (04

a—Sy 1_S7k 4
(04
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fork=1,2, ..., n. In this case from (3.30) and (3.23) we obtain [6, 12]

Ay =[A. + Lal[l,a—A4.]1" =1, + 2[lAC +L2AC2 + } (3.31)
[24 o
Eomparison of (3.2b) and (3.31) yields Ay representing for 42 =2/a only the linear part
of A4, defined by (3.23).

Using (3.24) and B, defined by (3.2b) and taking into account that

2
Ach +—(A"h) +...

edh =, +
1! 2!

(3.32)

we obtain

By = A '[e*" —1,1B, = B.h+ o

(3.33)
From (3.33) it follows that B, = B.h represents only the linear part of the matrix By.
Therefore, we have the following important conclusions.

Conclusion 3.2. The method 2 gives better approximation of the positive stable continuous-
time linear systems than the method 1.

Conclusion 3.3. By Theorem 3.1 the method 1 provides a positive approximation (3.2a) of the
positive continuous-time system if and only if the sampling time /% satisfies the condition (3.3)
and by Theorem 3.4 the method 2 for any sampling time 4.

Conclusion 3.4. By Theorem 3.2 and 3.4 for both methods the positive discrete-time ap-
proximation (3.2) is stable for any 4 > 0 if and only if the positive continuous-time system
(2.1) is stable.

4. Concluding remarks

The problem of approximation of positive asymptotically stable continuous-time linear
system by positive asymptotically stable discrete-time linear system has been addressed. Two
method of the approximation have been presented. The comparison of the methods has shown
that the method 2 provides the better approximation of the positive stable continuous-time
linear systems by positive stable discrete-time linear system than the method 1 (Conclusion
3.2). For both methods the positive discrete-time approximation is stable for any sampling
time 4 if and only if the positive continuous-time system is stable (Conclusion 3.4). The con-
siderations have been illustrated by three numerical examples and one example of positive
electrical circuit.

The considerations can be applied to the positive electrical circuits (Conclusion 3.1). An
open problem is an extension of these considerations to the fractional positive linear systems
[12].
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