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Abstract: The paper discuss a problem of determination of inductances for AC machine
windings when saturation of magnetic circuit is not neglected. For such cases, com-
putation of magnetic field distribution in the machine magnetic circuit is a starting point
for post processing procedures leading to various values, among others the co-energy in
a given area and linkage fluxes of windings. This paper shows how to determine winding
inductances in a nonlinear magnetic circuit from these two values and also how to
compute directly nonlinear inductances. Problem is not trivial because such inductances
are not uniquely determined as for linear case. In the paper a definition of nonlinear
inductances is proposed which makes the choice unique.

Key words: electric machines, modelling magnetic non-linearity, dynamic inductances,
non-linear inductances

1. Introduction

To develop the electrical machine equations by means of the Lagrange’s formalism [1] it is
sufficient to know the co-energy Ey,,(i,) as a function of all independent currents constitut-
ing the vector i =[ij - ix ], and the rotation angle . The equations take the form

d

aEﬂlO i’ .
5(#]—”{" iy =u,, nei{l,2, .., N}, (1a)

2 .
1920 pde _ Enp) (1b)
dr? dt op

" This is extended version of a paper which was presented at the 22th Symposium on Electromagnetic
Phenomena in Nonlinear Circuits, Pula, Croatia, 26.06-29.06 2012.



www.czasopisma.pan.pl P N www.journals.pan.pl

N

488 T.J. Sobczyk Arch. Elect. Eng.

However, very often the electrical equations (1a) are used in form

%(Ln(i,go)-i)+R~i:u, )

which is an extended version of the machine equations assuming a linear magnetic circuit.
Elements of the matrix L, (i,¢) are nonlinear functions of all currents and angle ¢ and can
be treated as nonlinear inductances. The whole matrix is called the matrix of nonlinear
inductances. That matrix must fulfill the relationship

Yj(i’¢) = Ln(is¢)is (3)
where ¥ (i,¢) is a vector of linkage fluxes
¥ (i,0) = [v1G,0) v2(,0) - wn(0).

Its elements can be obtained from the co-energy function

OE o (i, 9)

, ne{l,2,..., N} 4
Oi,

W (i, ¢) =

It is evident that, the individual fluxes w,(i,p) are determined uniquely from the co-
energy but the elements of the matrix L, (i,¢) are not.

There are numerous papers related with the problem of determining the inductances of
electrical machine windings useful in their circuit models, to mention only [3, 4, 6-9]. Mag-
netic field computation techniques are employed to estimate these parameters because the
circuit models of electrical machines are still very important tools in modelling various opera-
tional problems of electric energy generation and utilisation. However, the problem seems to
be still open. This paper discusses the problem of determining the elements of the matrix
L, (i,p) from field computations.

2. Definition of non-linear inductances

Only the dynamic inductances can be uniquely determined by the linkage fluxes (4) as

L4 (i,p) = W, nkell,2,.., N} (5)
k

These inductances constitute the matrix of dynamic inductances Lq(i,®), which is sym-
metrical as the linkage fluxes must meet the conditions

oy (i,e) _ oy (i,9)

, mkefl,?2, .. N} 6
ai, ai, { ¥ (6)

In order to define the nonlinear inductances L",(i,), constituting the matrix L, (i, )
in (3), an introduction of additional assumption is necessary. It has been proved [2, 5] that it is
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sufficient to assume the symmetry of the matrix of nonlinear inductances by the analogy with
the inductance matrix for the linear case. Below, the definition of nonlinear inductances is
recalled briefly.

First, the co-energy function E,(i,) should be analytically expressed. It is a multi-
variate function of currents and it can be expressed in the form of the Taylor series

. = 1 r
Enmo(i,0) = ZW 4% Eo (0,0), (7)

that contains only even derivatives. Then, the linkage fluxes can be express by the Taylor
series with only the odd derivatives

. <! .
wn<n,¢)=zl (2r_1)!d2 Wa(0,9),, neil,2,..,N}. ®)

The m-th derivative takes the following form
N m
0
d” n = Iy — n
0

and it will be rewritten further to facilitate the development of definition of the nonlinear in-
ductances

NS m=l /N 5 N NS m-1 oy
d"y, = is iy — al = is 1 I |-
B B 0 - B 0
Based on that form, the nonlinear inductance L", (i,) — can be defined as [5]
2(r-1)
def 2 1 N o oy
Lnn,k = — is— L . 9
;@,_m{; . } a, ®
0

The nonlinear inductances constitute the matrix L, (i,@). It is symmetric, which is implied
by the relationship (6). The matrices L, (i,¢) and Lg(i,¢) can be written as follows

Ll] (ia ¢7) = Z Lﬂ,(zr—l) (ia (0) Ld(iv ¢) = z Ld,(2r—1) (ia ¢7) 5 (10)
r=1 r=1

where

oWy . ad"y)
oiy dix

>

. 1
Ld,m (17 (0) =
m!

od"yn)  0d"y)
oy Oin
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v o

m—1 : :

, [ o o Oix

Ln,m(l:(ﬂ):"{zls py } : :
m = Ls aWN 6(//N

on Oin

0
Relationships between those matrices can be determined by recalling that

m—1
od"y,) _ iii o
di ® Bi i

s=1 0

Ld,m (i, §0) =m- Ln,m (i, (0)

As a consequence, the relationships between the matrices L, (i,) and Lq(i,) take the
form

. Sl .
La(i.0) = ;m'Ld,@H) i), (11a)
La(i,p) = (2r=1)-Lagr1(0). (11b)

r=1

3. Algorithms leading to nonlinear inductances
— case study for two windings

Both dynamic and nonlinear inductances can only be determined from data obtained from
computation of magnetic field distribution over the magnetic circuit of a machine. The post-
processing procedures of many finite element packages allow evolution of the values of the
co-energy as well as fluxes for each individual machine winding. This can be used as a start-
ing point for the algorithms determining the required inductances.

Below, the three such algorithms are described and an example is provided regards two
windings, with the co-energy, linkage fluxes and inductances approximated by the Taylor
series, taking the first nonlinear term only into account.

Algorithm starting from the co-energy

Values of the co-energy obtained from field computation at a given value of angle ¢ should
be used to calculate the coefficients of the co-energy function of currents (i}, i,) approxi-
mated with the first two terms of the Taylor series
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N BT e -
Emo(llsZZ)_ d Eno(0,0) + (4)'d E0(0,0) =

Q)!
4
1 0 0
ity | LB (i
24{11 P ir aizj} mo ({1,12)

2
1 0 0
=i — iy — | VEpoi,i
2{(1 61‘1 2 aiz)} zo(l 2)0

Substituting respective partial derivatives by constant coefficients the co-energy function
can be written in form

0-

.. .2 .. .2
Emo(ll,lz)=%(A2,o 0T H+2A0 0 i H Ao i )+
(12)
+%(A4’0 ‘1'14 +4A3’1 'i13 “ip +6A2’2 'i12 'i22 +4A1’3 -1 ~i23 +A0)4 ‘i24)

Based on that function, the linkage fluxes can be found

.. aEmu ] Py ] . .
w1(it,iz) =—a(,ll ) _ (Ago i1 +Aypg-i2)+
h (13a)

.3 .2 . .. 2 .3
+(A4ﬂ0-11 +3A3,1~11 %) +3A2’2'11~12 +A1,3'12 ),

M: (A i +Agy -i2) +
oiy (13b)

.3 .2 . .. 2 .3
+(A351~11 +3A252~11 ) +3A153'l1°12 +A0’4-12 )

wo(i,iz) =

Given fluxes, the matrix of dynamic inductances L (i,¢) can uniquely be determined

oy1 Oy
| o 0y |_|A20 Al
Ly(i,0) = - +
‘GO oy, ays [Au Aoz
Oiy 0Oiy (14)

2 . .2 2 . .2

+3. Agp-it” +2A51 01 i +Agp i A3 01T +2A0, iy i + A3 00
.2 . 2 .2 . Co |

Az 0" +2A0, -0y -ip Az iy Ay BT +2A03 01 -ip + Aog -

To estimate the nonlinear inductances according the definition (9) the formulas (13a, b) for
the linkage fluxes should be modified as follows

wi(in,i2) = L1y, i2) - iy + LM 12 (61, 02) - 2,
wa(ir,in) = L"21(ir,i2) - iy + L2 (i1,02) - o,

where L"21(i1,i2) = L"12(i1,i2). To accomplish that, the linkage fluxes should be approxima-
ted by the first two terms of the Taylor series
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1 L

L 1 3
wi(i,ir) = (1)!(1 w1(0,0) + (3)!(1 ¥1(0,0),

(15)
1 1
wa(iniz) = @dlz//z (0,0) +@d3l//2 (0,0).

The formula for linkage flux y(i;,i2) can be evaluated as follows

3
. . 0 . 0 . l|yf., o . 0 .
, = — — R + — — —_ R
w1(i,i2) {11 P iy aiz}vn(n lz)o 6{(11 P iy aizj }vn(n 12)0
2
1 o, 2 o0 vili, 12 . 6 1 o, 2 o0 1 o 2 o 11,102
.. 2 ..
_| ovi(isiz) +l i1-i+iz-i oy (i1,12) .
61’1 0 6 6i1 61’2 ail 0
| o o V| awiin,in)
6 [”'—.+z‘z~—.j HES g,
0 6 811 812 812 0

which defines the nonlinear inductances L"11(i1,i») and L"12(i1,i2)

.. 2 ..
Lnll(i1,iz)= M _,_l i1~i+i2~i M , (16a)
oiy 0 6 0Oiy 0Oiy 01| 0

.. 2 ..
Lnlz(i1,i2)= M _,_l il.i_,_l'z.i M X (16b)
81‘2 0 6 61‘1 81‘2 aiZ 0

Analogously, the formula for linkage flux w, (i;,i,) can be written as
'il +
0

2
wa(in,iz) = M += (11._.“2._.) ‘/’2(.1 2)
611 0 6 611 612 611
2 ..
L (il R i) (LZ1UEY i P
0o 6 0i1 iy dis o
which defines the nonlinear inductances L"21(i,i2) and L"2(i1,i2) as

=L"21(i1,i2) i1 + L" 22 (i1,i2) - i,
2 .
Al 2 2 )] iy
o6 |\ T oir

0

N ow1(i1,i)
0iy

N 0w, (i1,12)
Oiy

N Oy (in,i
p ()[%
1

, (17a)
0
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2 L.
o1 (z‘] 2 i) Wil | (17b)
0 6 611 812 6’12 0

It should be noticed that L"21(iy,iy) = L"12(i1,i2) as

. 0 1,1
L' (i1,in) =[%
2

Oy (i, i) _ Oya(i,iz)
dis on

Application of those definitions to formulas (13a, b) leads to the symmetric matrix of non-
linear inductances in form

Ln(i7¢)=|:
(18)
2 . .2 2 . .2
+{Aao chT+2A5 i i+ A i A T +2A00 i i+ A3 i }
.2 .. 2 .2 o Rt
Az 0" +2A0) i i Az i Ay BT +2A03 001 -ip + Aog i

It takes exactly the same form as the matrix of dynamic inductances L (i,¢) and only the
digit “3” following the second matrix should be omitted. This has been proved in a previous
section.

Generally, the problem is reduced to determining the three coefficients A,o, Aj, A2
for the first term of the co-energy function, and the five A4y, A3y, Az2, Aiz, Aga, for
the second one.

Algorithm based on the linkage fluxes

When starting with values of linkage fluxes y; and w, obtained from field computations,
the coefficients of the Taylor series for function y(i},i») and w(i},i») should be estimated,
while only the first two terms are considered

0 0 1 0 0 3
i12) =40 iy by (i) 4| iy ey i) . (19
w1(i,i2) {1 ai 2 81,2}1//1(1 2)0 6{[1 ai 2 81‘2) }‘/’l(l 2)0 (19a)
0 0 1 0 0 3
I,ip) =<0 - —+ip - — 1,1 +—< i —+iy  — 1,1 . (19b
wo(i,iz) {1 2 2 61,2}1,”2(1 2)0 6{(1 ai 2 61’2) }!//2(1 2)0 (19b)

However, those two functions are not independent as they must to fulfil condition

Oy 1(i,i2) _ Oya(iniz)
0iy o1y ’

It means that some partial derivatives in (19a, b) should be mutually related. For two fun-
ctions only this can relatively easy be done, but when the number of linkage fluxes functions
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grows it is not straightforward to find these relationships. In the considered case the formulas
for the linkage fluxes (13a, b) fulfil the required condition because

6Emo(ilai2) _ 6Em0(ilsi2)
diy Bis Oir i,

It means that the linkage fluxes should be approximated by the formulas
Wi(iniz) = (Ang it + Ary i)+ (Agg -it® +3As +it” iy +3A00 1 0" + 413 +i2°) (20a)
Wa(iniz) = (Ary iy +Aop i)+ (Asg it +3A00 +it” iy +3A13 0 i + Ao +i2°) (20b)

next steps are similar. The matrix of dynamic inductance Lgq(i,®) in form (14) can be de-
veloped using the matrix of nonlinear inductances L, (i,¢) in form (16). Also, the co-energy
function in form (12) can be completed because all necessary coefficients appear in formulas
(20a, b).

Algorithm for direct computation of nonlinear inductances

The matrix of nonlinear inductances L, (i,¢), defined by formulas (9) and (10) is sym-
metric in a similar manner as the matrix on inductances for a linear magnetic circuit. As such,
when the magnetic state of the magnetic circuit will be maintained for the given pair of cur-
rents (i1,7;), the winding inductances can be found from classical formulas for the linear case

By collecting the values for a selected part of space of currents (i;,7;) at a given value of
angle ¢, the nonlinear inductances can be found. However, these should be approximated as
the three dependent functions for the case of two windings

LM =Agg+(Asg-it” +2A5, i1 iy + Agg -in”), (21a)
LMo =Ap+(Asgi” +2A00 iy i + Az -in°), (21b)
L2 =Ass + (A2 P 2A05 0 iy + Ao s ) (21¢)

In these three functions all coefficients which are necessary for writing up the formulas for
the function describing the co-energy, the linkage fluxes and the dynamic inductances are
present.

Comparing the three described algorithms, it can be stated that the number of functions,
which have to be determined is different for each algorithm. For the simplest case of two
windings, and starting with the co-energy only one two-variable function should be estimated.
The linkage flux approach requires the two mutually related functions to be determined. The
direct computing of nonlinear inductances increases the number of functions to be determined
to three. Besides of that, the determined functions contain different ranks of powers of
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currents in each algorithm respectively. Considering the same level of approximation (i.e. the
two first terms of the Taylor series only) of the co-energy function, currents have ranks of
powers up to four. In formulas for linkage fluxes, the maximal ranks of powers of currents is
three and in formulas for the nonlinear inductances it equals two. It means that the co-energy
is much more sensitive with respect to currents than linkage fluxes and linkage fluxes are
more sensitive than nonlinear inductances. Consequently, the coefficients obtained, based on
the nonlinear inductances could be determined more exactly than those based on the linkage
fluxes and can be determined more accurately based on the co-energy. It is worth noticing that
there is a balance between accuracy and the number of functions, which should be set up very
carefully.

4. Problem of arbitrary number of windings

Determining inductances for the arbitrary, say N-windings, is even more complicated since
all mathematical operations have to be carried out in the N-dimensional space of currents
(i1,i2,...,in ). The number of functions, which should be determined, depends on the kind of
initial data in computations. Only the algorithm starting with the co-energy always requires
one function of N variables. The algorithm based on the values of the linkage fluxes requires
N functions that are mutually dependent of N variables. The algorithm based on the values of
the nonlinear inductances needs (N + 1)N/2 mutually dependent functions of N variables. Ad-
ditionally, in order to obtain realistic approximations more than two first terms of the Taylor
series should be taken into account. In order to take control over those difficulties the higher
order forms can be used as in [5, 10]. Formulas below show relationships between the co-
energy function, the linkage fluxes functions and the matrices of dynamic and nonlinear
inductances

Emo(p)=1i" - Az (p)-i+1i" - Ay(pi)-i+Li" - Ag(p,i) i+,
¥ (i,0) = (A2(9) + Ag(p,1) + Ag (@, 1) +-+) i,
La(i,p) = A2(9) +3- Ay(@,i) +5 - Ag(p,i) +--,
L. (i,0) = A2 (@) + Ag(p,1) + Ag (9, 1) + -+,

where: i =[ij,i2,...,in] 18 the vector of currents and ¥ (i, ) =[w (i, 9), w2 (1, ®),....,wx (1, 9)]
is the vector of linkage fluxes.

The more detailed forms of matrices A, (@), A4(@), Ag(@), ...canbe found in[2, 5, 10].
These formulas allow writing up the co-energy or the linkage fluxes or nonlinear inductances
as functions of currents (i, is,...,in) using the same coefficients that should be found from
data obtained from the magnetic field computations.
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5. Conclusions

The new definition of nonlinear inductances of electrical machine windings presented in
this paper leads to symmetrical inductance matrix, similarly as in case of linear magnetic
circuit. Detailed considerations that lead to such definition are shown by the example of two
windings. However, the nonlinear inductances can only be determined from the data obtained
from magnetic field computations. The three different algorithms have been described. Res-
pective algorithms can start with values of co-energy or from values of linked fluxes but also
nonlinear inductances can be directly computed. The paper describes such algorithms by using
the elementary example of two windings in nonlinear magnetic circuit. Finally, the extension
of the above procedure for an arbitrary number of windings has been proposed.
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