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Abstract: Necessary and sufficient conditions for the reachability and observability of
the positive electrical circuits composed of resistors, coils, condensators and voltage
sources are established. Definitions of the input-decoupling zeros, output-decoupling
zeros and input-output decoupling zeros of the positive electrical circuits are proposed.
Some properties of the decoupling zeros of positive electrical circuits are discussed.
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1. Introduction

In positive systems inputs, state variables and outputs take only non-negative values.
Examples of positive systems are industrial processes involving chemical reactors, heat ex-
changers and distillation columns, storage systems, compartmental systems, water and atmo-
spheric pollution models. A variety of models having positive linear behavior can be found in
engineering, management science, economics, social sciences, biology and medicine, etc. An
overview of state of the art in positive linear theory is given in the monographs [2, 3].

The notions of controllability and observability and the decomposition of linear systems
have been introduced by Kalman [9, 10]. Those notions are the basic concepts of the modern
control theory [1, 2, 4, 8, 12, 16]. They have been also extended to positive linear systems
[2,3,17].

The positivity and reachability to fractional electrical circuits have been investigated in [7].
The decomposition of positive discrete-time linear systems has been addressed in [5]. The
notion of the decoupling zeros of standard linear systems have been introduced by Rosenbrock
[11, 12]. The zeros of linear standard system have been addressed in [15] and zeros of positive
continuous-time and discrete-time linear systems has been defined in [13, 14]. The decoupling
zeros of positive discrete-time linear systems has been introduced in [6].

In this paper the notions of the decoupling zeros will be extended for positive electrical
circuits.
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The paper is organized as follows. In Section 2 the basic definitions and theorems con-
cerning reachability and observability of positive electrical circuits are given. The decompo-
sition of the pair (A, B) and (A, C) of positive electrical circuits is addressed in Section 3. The
main result of the paper is given in Section 4 where the definitions of the decoupling zeros of
positive electrical circuits are proposed. Concluding remarks are given in Section 5.

The following notation will be used: R — the set of real numbers, R"™" — the set of nxm
real matrices, R”™ — the set of nxm matrices with nonnegative entries and R” = R,
M, — the set of nxn Metzler matrices (real matrices with nonnegative off-diagonal entries),

I,,—the nxn identity matrix.

2. Reachability and observability of positive electrical circuits

2.1. Reachability of positive electrical circuits
Consider the linear continuous-time electrical circuit described by the equations

(t) = Ax(t) + Bu(t)

2.1)
() = Cx(t) + Du(t),

where x(¢) e R”, u(?) e R™, y(t) e R? are the state, input and output vectors and 4 € R"™",
BeR™, CeRP", DeRP",

Definition 2.1. [2, 3] The electrical circuit (2.1) is called (internally) positive if x(¢) € R} and
y(@)eRE, t=0 forany x(0) = xo € R’ and every u(t) e R, t>0.

Theorem 2.1. [2, 3] The electrical circuit (2.1) is positive if and only if
AeM,, BeRY", CeRP", DeRP™. 2.2)

Definition 2.2. The positive electrical circuit (2.1) (or positive pair (4, B)) is called reachable
at time ¢, if for any given final state x, € R% there exists an input u(¢) € RY, t<[0,t/]
which steers the state of the circuit from the zero state (x(0)=0) to state x, e R, ie.
x(tf) =Xf.

A column a € R” (row a’ € R?) is called monomial if only one its entry is positive and
the remaining entries are zero. A real matrix 4 € RY™ is called monomial if each its row and
each its column contains only one positive entry of its entries and the remaining of its entries

arc zEro.

Theorem 2.2. The positive electrical circuit (2.1) is reachable at time ¢ €[0,7,] if and only if
the matrix 4 € M,, is diagonal and the matrix B € R is monomial.

Proof. Sufficiency. 1t is well-known [3] that if 4 M, is diagonal then e’ € R™" is also
diagonal and if B € R™™ is monomial then BB” € R is also monomial. In this case the
matrix



N

www.czasopisma.pan.pl P N www.journals.pan.pl
~

Vol. 62(2013) Decoupling zeros of positive electrical circuits 555
]
T
Ry = jeATBBTeA Tdr e R (2.3)
0
is also monomial and R}l e RY" . The input
T
u(t) = BTe” (tf_t)R;le e R for 1 €[0,¢7] (2.4)
steers the state x(¢) of the circuit from x(0) = xo =0 to the state x(¢,) = x, since
iy iy
T
x(ty)= J‘eA(tf_T)Bu(z’)dT = J‘eA(tf_r)BBTeA (tf_r)dTR;le
0 0
(2.5)
iy
T
= J-eATBBTeA TdrR;le =Xxs.
0
Necessity. From Cayley-Hamilton theorem we have
n—1
et = ch A", (2.6)
k=0
where ¢ (¢), k=0, 1, ..., n — | are some nonzero function of time depending on the matrix A4.
Substitution of (2.6) into
iy
J.eA(tf_r)Bu(z')dr 2.7
0
yields
vo(tr)
vi(tr
x;=[B AB ... A7'B] 1(/) , 2.8)
Vi-1 (t/)
where

ly

vi(ty) = J-ck (Du(ty —7)dr, k=0,1,..,n-1 2.9)
0

For given x, € R} it is possible to find nonnegative vy (¢) for k=0, 1,..., n — 1 if and only

if the matrix
(2.10)

[B AB ... A7'B]
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has n linearly independent monomial columns and this takes place only if the matrix [B, A]
contains n linearly independent columns [3]. Note that for the nonnegative v (fr),
k=0,1,...,n—1itis possible to find a nonnegative input u(¢) € R, ¢ <[0,z,] only if the
matrix B € R} is monomial and the matrix 4 € M, is diagonal.

If m > n then the matrix B € R should include an 7 x 7 monomial matrix [17].

Now let us consider n-mesh electrical circuits with given resistances Ry, k =1,...,q, in-
ductances L;, i=1,...,n and m-mesh source voltages e;, j=1,..., m. It is assumed that to
each linearly independent mesh belongs only one inductance and one source voltage. In this
case the matrix 4 € M, and the matrix B e R} is diagonal and the standard electrical

circuit is reachable since det B # 0.

Theorem 2.3. The positive n-meshes electrical circuit with only one inductance and one
source voltage in each linearly independent mesh is reachable if and only if

Rj =0 fori#j,, i,j=1,..n, 2.11)

where Rj; is the resistance of the branch belonging the i-th and j-th meshes.

Proof. Note that the matrix 4 € M, is also diagonal if and only if the condition (2.11) is met.
By Theorem 2.2 the positive electrical circuit is reachable if and only if the condition (2.11) is

nxn

satisfied since in this case 4 € M,,, B e RY" are both diagonal.

Example 2.1. Consider the electrical circuit shown in Figure 2.1 with given resistances
Ry, R,,R3, inductances L;, L, and source voltages ej,e;.

VW—"—""W\,

L L
1 R 3 2 Fig. 2.1. Electrical circuit

y

N N
— —
_/ N
€ 1 e2
Using the Kirchhoff’s laws we can write the equations

di
e =R3(i —i2) + Ry i +le_lt1’
(2.12)

Ji
e =R3(i 1)+ Ra iy +L2£,

which can be written in the form
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i{l.l}AF}rB{ﬂ, (2.13a)
dt| i i €
where
RisR R Ly
Ly Ly L
A= B= . 2.13b
o men P (2.13b)
L 2 L 2 L 2

The electrical circuit is positive since the matrix A is Metzler and the matrix B has non-
negative entries. Note that the standard pair (2.13b) is reachable since det B # 0.
We shall show that the positive electrical circuit is reachable if R; = 0. In this case

7, °
1
A:
0o R f
L,
and
R
Ly
At 0
A &
0 eb
From (2.3) we obtain
2R,
e
ty lf L_ze L 0
T
R, :IeA’BBTeA TdT:J‘ ! o, A7 (2.14)
0 0 0 Le TZT

The matrix (2.14) is monomial and by Theorem 2.2 the positive electrical circuit is
reachable if R; =0.

2.2. Observability of positive electrical circuits
Consider a positive electrical circuit described by the state equations

(1) = Ax(t), (2.15a)

»(#)=Cx(1), (2.15b)

where x(t) e R}, y(t)eRY and AeM,, Ce R,
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Definition 2.3. The positive electrical circuit (2.15) is called observable if knowing the output
y(t) e R? and its derivatives

d*y(t
9= Ll ent,

k=1,2,..,n—1for te[0,¢,] it is possible to find the initial values xo = x(0) € R} of
x(t) e RY.

Theorem 2.3. The positive electrical circuit (2.15) is observable if and only if the matrix
A e M, is diagonal and the matrix

C
C:A (2.16)
car
has 7 linearly independent monomial rows.
Proof. Substituting of the solution
x(1) = e xg (2.17)
of the Equation (2.15a) into (2.15b) yields
y(t) = Ce?'x,. (2.18)
From (2.18) we have
y(0) C
y'@ = C.A e xo. (2.19)

y(i’l*l) (t) CA n-1

It is possible to find from (2.19) e?'xy, € R if and only if the matrix (2.16) has n linearly
independent monomial rows. From the equality e e =1, it follows that the matrix
e e R for Ae M, if and only if it is diagonal. Therefore, it is possible to find x e R’
from the Equation (2.19) if and only if the matrix 4 € M,, is diagonal and the matrix (2.16)
has n linearly independent monomial rows.

Theorem 2.4. The positive electrical circuit (2.15) is observable if the matrix

0, =e’'CTCe™ (2.20)
is monomial.
A"t cT

Proof. Premultiplying (2.18) by e we obtain
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eATtCTCeAtxO :eATtCTy(Z). (2.21)

If the matrix (2.20) is monomial then 0, =[e”'C"Ce™ ™ € R and from (2.21) we
have

xo =[e?CTCe 1 e CT y(r) e R" (2.22)
: ATt AT V4 P
since e” ‘C” y(t) e RY for y(t) e RY.

Consider the electrical circuit shown in Figure 2.2 with given conductances G ,G'y , Gy
k,j=1,..,n, capacitances Cy, k =1, ..., n and source voltages e;, k=1,..., n.

G1n G2n G3n

Fig. 2.2. Electrical circuit

Theorem 2.5. The electrical circuit shown in Figure 2.2 is positive for all values of the con-
ductances, capacitances and source voltages.

Proof'is given in [7].

Note that the standard electrical circuit shown in Figure 2.2 is reachable for all nonzero
values of the conductances and capacitances since det B # 0.

Theorem 2.6. The electrical circuit shown in Figure 2.2 is reachable if and only if

Gy, =0 for k#j and k,j=1 ..n (2.23)

Proof. It is easy to see that the matrices 4 € M, and B e R} are both diagonal matrices if
and only if the condition (2.23) is satisfied. In this case by Theorem 2.2 the electrical circuit is
reachable if and only if the conditions (2.23) are met.



www.czasopisma.pan.pl P N www.journals.pan.pl

I
560 T. Kaczorek Arch. Elect. Eng.
2 v,
G, | Gz I G,
(oF j u, G, j u,

Fig. 2.3. Electrical circuit

Example 2.2. Consider the electrical circuit shown in Figure 2.3 with given conductances
G,,G",G,,G', ,Gy,, capacitances Cp,C, and source voltages ej,e;.

Using the Kirchhoff’s laws we can write the equations

S G ; G .
L e 1}— @ {1} (2.24)
dt|us o G2 |lv o G2 |lu
C, C,
and
-Gy G2 || w :_Gl 0 |lur| |G 0 |le ’ (2.259)
G, —Gun ||v2 0 G2 |lus 0 Gylle
where
G11=G1+G'1+G 1, Gy =Gy +G'2+G . (2.25b)
Taking into account that the matrix
[_G“ G”} (2.26)
G -Gn
is nonsingular and
-1
-G G
—[ " ‘2} e R 2.27)
G —-Gn

from (2.25) we obtain

SR A K TP )
\ %) G12 —G22 0 G’z uj 0 G2 (5]

Substitution of (2.28) into (2.24) yields

i|:ul:|=A|:ul:|+B|:el:|, (2.29)
dt|us u e
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where
G G
— 0 -1 — 0
-G G G171 0
a=- G { 1 12} [ ! ,}— G leM,, (2.30a)
0 G2 G12 —G22 0 G2 0 G2
C2 C2
G
< Ylr-6. 6u TG o
B=-| & [ t 12} [ ! }eﬂ%ixz. (2.30b)
0 G2 G12 —G22 0 G2

C;

From (2.30) it follows that 4 is Metzler matrix and the matrix B has nonnegative entries.
Therefore, the electrical circuit is positive for all values of the conductances and capacitances.

3. Decomposition of the pairs (4, B) and (4, C)

3.1. Decomposition of the pair (4, B)
Consider the pair (4, B) with 4 being diagonal

A=diaglaii,ax,...ann] €M, (3.1a)
and the matrix B with m linearly independent monomial columns By, B,..., B,
B=[B B, ... B,;]. (3.1b)

By Theorem 2.2 the pair (3.1) is unreachable if m < n.
It will be shown that in thii case the pair can be decomposed into the reachable pair
(A4, By) and unreachable pair (4, B, =0).

Theorem 3.1. For the unreachable pair (3.1) (m < n) there exists a monomial matrix
P eRT" such that

A=pap =40 , B=PB= Bl, (3.2)
0 4 0
where Z1 = dlag [6119522 LX) anl,nl ] € Mnl > ZZ = dlag [C_In1+1,m+ls-~'a an,n] € an 5 El € %lem,
n =ny +ny, the pair (4, By) is reachable and the pair (A4,, B, = 0) is unreachable.
Proof. Performing on the matrix B the following elementary row operations:
1) interchange the i-th and j-th rows, denoted by L[7, /],

2) multiplication of i-th rows by positive number ¢, denoted by L[ixc],
we may reduced the matrix B to the form
By
0 b
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where B; € R is monomial with positive entries equal to 1. Performing the same ele-
mentary row operations on the identity matrix 7, we obtain the desired monomial matrix P. It
is well-known [3] that P~' € R?™" and for diagonal matrix 4 we have
A=papt=| 10|
0 4

Example 3.1. Consider the electrical circuit shown in Figure 3.1 with given resistances
Ri,R,,R3, inductances L, L,,L; and source voltages ej,e;.

LZ
_/WU-\_?_

|2
R2§

Fig. 3.1. Electrical circuit

Using the Kirchhoff’s laws we can write the equations

diy

L yy =—Riij +¢
di

L2 — Ry (3.3)
dt
di;

Ly —— = —R3i3 +e3,
dt

which can be written in the form

d i 15
—|iy |=A|iy |+ B|:e1 :|, (3.42)
dt| . . e
13 13
where
R _
=L 0 o 1
L, — 0
R, Ly
A=| 0 —L— 0 |, B=| 0 0| (3.4b)
2 1
0 —
0 0 _& Ls
L Ls |
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By Theorem 2.2 the positive electrical circuit (or the pair (3.4b)) is unreachable since n =3
<m=2.

The unreachable pair (3.4b) can be decomposed into reachable pair (4;, B;) and unreach-
able pair (4>, B> = 0).

In this case the monomial matrix P has the form

100
P=|001 (3.5)
010
and we obtain
-1 _
1 — 0
1oo]lz; O] |4 _ L
— 1 1 B — L
B:PB:OOIOO:OL—:O,BI: Ll
1 3
010|| 0 — 0 —
Ly 0 0 L,
B o ~ (3.6)
_R 0 0 _R 0 0
100 L R 100 L R = 0
A=P4P =001 0 —L—z 0 [[001]|=| 0 —L—3 0 :[012}
010 > e |loto S 2
o o0 -—= 0 0 -2
L L; | L Ly |
and
R
=L
4= b A = 2 (3.7)
1 0 _& Py L2 . .
L3
The reachable pair (Zl, El) is reachable and the pair (Zz, t_?z =0) is unreachable.
3.2. Decomposition of the pair (4, C)
Let the observability matrix
C
CA
0, = : e RO (3.8)
cAa™!

of the positive unobservable electrical circuit has n; < n linearly independent monomial rows.
If the conditions
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0rAQ] =0 for k=1,2,...7; and j=n +1,..,n (3.9)

are satisfied then there exists the monomial matrix [5, 6]

T T T AT T T T T 1xn
0 =[0;" 0,4 Qj ...szgz ...legl ot On 1eRY", (3.10a)

where

di-1 da—1 d;-1
0, =Cj ""’Qj@ =C;4",0;, :C_,-Z,...,szg2 =C;, A" >'"’ij3, =C; A" (3.10b)

and 47 i» j=1,.., [ are some natural numbers.
Theorem 3.2. Let the positive electrical circuit (2.15) be unobservable and let there exist the

monomial matrix (3.10). Then the pair (4, C) of the electrical circuit can be reduced by the
use of the matrix (3.10) to the form

d=0407 =| M O 6—cot =6, 0]
Ay Ay (3.11)

A e RPN A e R, (my=n—ny) Ay e R, CreRY™,

where the pair (211, él) is observable and the pair (212, éz =0) is unobservable. Proof is

given in [5].
Example 3.2. Consider the positive electrical circuit shown in Figure 3.1 described by the
state equation (3.4a) with 4 given by (3.4b). As the output y(¢) we assume
I
y(t)=R3i3 =[00 R3]|ir |, C=[00 R;]. (3.12)

3

In this case the observability matrix

c 00 1;2
0,=| CA |= oo-L—3 (3.13)
CA2 R33
00 =
L3

has only one linearly independent monomial row Q) = C, i.e. n; =1 and the conditions (3.9)
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are satisfied for O, =[10 0] and Qs =[01 0] since QlAQ,T =0 for j=2,3. The matrix
(3.10) has the form

O 00 Rs
O=02(=|10 0| (3.14)
0] |o10
Using (3.11) we obtain
—& 0 0 —& 0 0
00Rs|| I R 010 Ly R .
A=040"=[100] o %2 o |loot]|=| o B o |40
L, 1 L 0 4,
010 Rs — 00 R,
0 0 ——=|L& 0 0o ——
L L; L L, | (3.15)
010
C=CO™" =[00Rs]| 0 01|=[100]=[C; 0],
L00
R;
where
n R N -2 0 A
Al=[__3} A= N . G =[] (3.16)
Ls 0 K
L

The pair (1211 , él) is observable and the pair (1;12, C, = 0) is unobservable.

4. Decoupling zeros of the positive electrical circuits

It is well-known [12] that for standard linear systems the input-decupling zeros are the
eigenvalues of the matrix A4, of the unreachable (uncontrollable) part (A4,, B, = 0).

In a similar way we will define the input-decoupling zeros of the positive electrical cir-
cuits.

Definition 4.1. Let 4, be the matrix of unreachable part of the electrical circuit (2.1). The
Zeros S;1,S:2,...,8im, Of the characteristic polynomial

det[I5,5 — Ay ] = 5™ + @z 18™ 7 + ..+ @15 + ao @.1)

of the matrix A, are called the input-decoupling zero of the positive system (2.1). The list of
the input-decoupling zeros will be denoted by Z; = {s:1,5:12,...,Sin, }-



www.czasopisma.pan.pl P N www.journals.pan.pl

N

566 T. Kaczorek Arch. Elect. Eng.

Theorem 4.1. The state vector x(¢) of the positive electrical circuit (2.1) is independent of the
input-decoupling zeros for any input u(¢) and zero initial conditions.

Proof. From (2.1) for zero initial conditions x(0) =0 we have
X(s) =det[I,s — A] ' BU(s), (42)

where X (s) and U(s) are Laplace transforms of x(¢) and u(z), respectively. Taking into ac-
count (3.2) we obtain

X(s)=[l,s =P AP PT'BU(s) = P"'[1,s — A1 BU(s)

o _ 7 Ire R 3
:P,l I,,IS A1 0 . Bl U(S)ZPA [I,,]S Al] Bl U(S)
0 [ﬁZS—Az 0 O

4.3)

From (4.3) it follows that X (s) is independent of the matrix 4, and of the input-decoupling
zeros for any input u(#).

Example 4.1. (coEtinuation of Example 3.1) In Example 3.1 it was shown that for the
unreachable pair (A4, B, =0) the matrix A, has the form

- R
4, = [— —2}
L
Therefore, by Definition 4.1 the electrical circuit shown in Figure 3.1 has one input-de-
coupling zero

Note that the input-decoupling zero corresponds to the mesh without the source voltage
(e2=0).

For standard continuous-time linear systems the output-decoupling zeros are defined as the
eigenvalues of the matrix of the unobservable part of the system. In a similar way we will
define the output-decoupling zeros of the positive electrical circuits.

Definition 4.2. Let 1:12 be the matrix of unobservable part of the electrical circuit (2.15). The
ZETOS Sol, So2, --» Son, Of the characteristic polynomial

ﬁz -1

det[Z,5 — Ay ] = 5™ + a7 + ..+ ais+ao (4.4)

of the matrix A, are called the output-decoupling zero of the positive electrical circuit (2.15).
The list of the output-decoupling zeros will be denoted by Z, = {so1,502,-+-» S0, } -

Theorem 4.1. The output vector y(¢) of the positive electrical circuit (2.15) is independent of
the output-decoupling zeros for any input u#(¢) = Bu(t) and zero initial conditions.

Proof is similar to the proof of Theorem 4.1.

Example 4.2. (continuation of Example 3.2) In Example 3.2 it was shown that the matrix 1212
of the unobservable pair has the form
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R
LR
Ay = L 2| 4.5)
0 -2
Ly

Therefore, by Definition 4.2 the positive electrical circuit shown in Figure 3.1 has two output-
decoupling zero

Ry R

Spl =———, So2 =———.
o L : o L2

Following the same way as for standard continuous-time linear systems we define the input-

output decoupling zeros of the positive systems as follows.

Definition 4.3. Zeros 5,52 ,...s®) which are simultaneously the input-decoupling zeros

and the output-decoupling zeros of the positive electrical circuit are called the input-output
decoupling zeros of the positive electrical circuit, i.e.
st e, and s ez, forj=12,...,k k <min (7, iz). (4.6)

The list of input-output decoupling zeros will be denoted by Z;, = {z(l) z? z(k)}.

io >“io > “io
Example 4.3. Consider the positive electrical circuit shown in Figure 3.1 with the matrices A4,
B, C given by (3.4b) and (3.12). In Example 4.1 it was shown that the electrical circuit has one
input-decoupling zero s;; =—R,/L; and in Example 4.2 that the electrical circuit has two
output-decoupling zeros s, =—R;/Li, s, =—R, /L, . Therefore, by Definition 4.3 the po-
sitive electrical circuit has one input-output decoupling zero s\ = —R, /L, .

io

5. Concluding remarks

New necessary and sufficient conditions for the reachability and observability of the po-
sitive linear electrical circuits have been established. The definitions of the input-decoupling
zeros, output-decoupling zeros and input-output decoupling zeros of the positive electrical
circuits have been proposed. Some properties of the new decoupling zeros have been dis-
cussed. The considerations have been illustrated by numerical examples of positive electrical
circuits (systems) composed of resistors, coils and voltage source. An open problem is an ex-
tension of these considerations to fractional discrete-time and continuous-time positive linear
systems and fractional electrical circuits.
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