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Abstract: Contemporary sensorless AC drives require the use of electromechanical 
quantities estimation. The skin effect occurring in AC machines with solid secondary or 
with solid secondary elements causes machines of this type to be represented by equiva-
lent circuits containing distributed elements, which makes the analysis of machine 
electrodynamic states more complicated and hinders the construction of relatively simple 
and effective estimators of electromechanical quantities. The variability of rotor para-
meters is modelled, with a good approximation, by the machine secondary multi-loop 
equivalent circuit with lumped elements. In this paper the construction procedure of 
electromechanical state variable estimators basing on this type of equivalent circuit will 
be presented. The simulation investigations of the created electromechanical quantities 
estimators, performed for the selected states of solid iron rotor AC machine operation 
will be shown as well. 
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1. Introduction 
 
 Frequency variability of cage rotor parameters, as a result of the skin effect, causes the 
deviation of a slip dependent stator impedance characteristic from the circular shape. Motor 
state variables estimated basing on constant parameters of the induction motor (IM) classical 
T-type equivalent circuit [1] will not exactly model slip dependent stator or rotor impedance 
characteristics and thereby properly model a motor electrodynamic state. This problem is even 
more important in the case of machines with deep-bar cage rotors as well as with rotors manu-
factured in the form of solid structures where the skin effect is more intensive and therefore 
the slip dependent stator or rotor impedance characteristics deformation is more noticeable. 
The deformation of these characteristics has been confirmed through the electromagnetic field 
analysis carried out by means of the finite element method (Fig. 1). 
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 Algorithmic methods for state variables reconstruction presented in the literature, basing 
on the mathematical model resulting from the classical structure of the IM equivalent circuit, 
are sensitive to changes of motor parameters or their incorrect identification. In order to 
improve the accuracy and reliability of sensorless AC drives, different estimation methods of 
specified physical quantities have been proposed. The model reference adaptive system 
(MRAS) concept has been applied for the IM speed estimation [2-6]. In order to improve 
MRAS speed estimator robustness against motor parameters changes and incorrect identifi-
cation different modifications of this estimator have been presented i.a. in [7-10]. By using the 
sliding-mode observers robustness against measurement errors as well as inaccurate identi-
fication and changes of system parameters, ensuring estimation errors convergence to zero, 
can be obtained. An observer sliding surface is determined from the errors between measured 
and estimated stator currents. As in the case of the MRAS estimator, different modifications of 
the sliding-mode observer have been also proposed (i.a. [11-15]). Attempts of designing the 
extended observers and extended Kalman filters with simultaneous estimation of selected 
motor parameters, can be noticed in the world literature e.g. in [16-21]. The practical ap-
plication of these types of observers in industrial drive systems is often found to be compli-
cated and requires an advanced microprocessor-based technology. The mathematical model 
for the motor, on which the above mentioned estimators and observers are created, remains 
unchanged compared to the classical model. 
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Fig. 1. The slip dependent stator impedance characteristic of the induction motor of Sg 132S-4 type with 

the solid rotor (steel S235JR) 
 

 In the proposed approach estimators of electromagnetic and mechanical state variables are 
created on the basis of the machine secondary multi-loop equivalent circuit with lumped 
parameters. Such an equivalent circuit reproduces, with a good approximation, the rotor para-
meters variability resulting from the skin effect occurring in machine secondary solid parts so 
that the simultaneous estimation of these parameters is not required. 
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2. Machine secondary multi-loop equivalent circuit 
 
 The frequency domain methods provide the convenient tool for an estimation of equivalent 
circuit parameters of a symmetrical machine with the skin effect in its secondary. These 
methods are based on the knowledge of machine impedance frequency characteristics obtained 
by means of measurement or from electromagnetic field solutions. 
 The methodology of the spectral inductance L1δ(ω) determination has been presented in the 
previous works of the authors [22, 24, 25]. The spectral inductance can be represented by the 
operational inductance L1δ(p) (1) resulting directly from the IM equivalent circuit with lumped 
parameters. 
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where: Lµ = L1δ(p  = 0), p = jω, Ti, τi – time constants, p – Heaviside’s operator, ω – angular 
frequency. 
 The estimation of time constants Ti, τi occurring in Equation (1) can be performed by 
means of the genetic algorithm e.g. in the Matlab-Simulink environment. The estimated time 
constants of the operational inductance (1) determine R, L parameters of the k-th branch of the 
machine secondary multi-loop equivalent circuit in accordance with Equations (2) [22]. 
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where: R•
2(k), L•

2(k) – lumped parameters of the k-th branch of the machine secondary multi-
loop equivalent circuit, referred to the primary side, k = 1, 2, …, n, n – number of parallel con-
nected two-terminal consisting of R•

2(k), L•
2(k) elements. 

 The frequency characteristics of the spectral inductance and its approximation by the 
operational inductance are presented in Figure 2. 
 The result of the operational inductance modal decomposition is the machine equivalent 
circuit in the form of the parallel connection of the magnetizing inductance Lµ and an infinite 
sequence of two-terminal consisting of R•

2(k), L•
2(k) elements (Fig. 3). 

 The IM secondary multi-loop equivalent circuit represents a machine electromagnetic state 
described by the system of equations in the canonical form (3). 
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where: ωr –rotor electrical angular velocity and ωr = ppωm, ωm – rotor angular velocity, pp  
– pole pairs, Ψ1, U1, I1, – stator flux, stator voltage and stator current space vectors respec-
tively, Ψ•

2(k), I•
2(k) – rotor flux, rotor current space vectors respectively, related to the k-th 

branch of the machine secondary multi-loop equivalent circuit, referred to the primary side, R1 

– stator phase winding resistance. 
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Fig. 2. The frequency characteristics of the spectral inductance L1δ(ω) and its approximation 

 by the operational inductance L1δ(p = jω): a) module, b) argument 
 

 
Fig. 3. The machine secondary multi-loop equivalent circuit 

 
 
 The electromagnetic state system of equations in combination with the electromechanical 
state Equations (4) determine the machine electrodynamic state system of equations, expres-

Lμ 

R1 L1σ 

U1 

I1 

jωx Ψ1 

I•
2 

R•
2(1) 

L•
2(1) 

j(ωx-ωr )Ψ•
2(1)

R•
2(2) 

L•
2(2) 

R•
2(n) 

L•
2(n) 

j(ωx-ωr )Ψ•
2(2) j(ωx-ωr )Ψ•

2(n) 



Vol.  63(2014)       Estimators build on the basis of machine multi-loop equivalent circuit  153 

sed in the reference frame rotating at an arbitrary speed ωx, thus providing the complete 
induction machine mathematical model presented in the authors' previous works [22-25]. 
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where: Te – electromagnetic torque, Tload – load torque, J – moment of inertia, superscript * de-
notes complex conjugate quantity. 
 
 

3. Methodology of the electromechanical quantities estimation 
 
 The machine slip dependent stator impedance characteristic (Fig. 1) and the corresponding 
secondary multi-loop equivalent circuit (Fig. 3) have been used for the estimation of IM 
electromechanical quantities. 
 The structure of the proposed algorithm for the state variables estimation is depicted in 
Figure 4. Measured instantaneous values of stator voltages and currents are converted to the 
voltage U1(t) and current I1(t) space vectors respectively, expressed in the reference frame 
rotating at an arbitrary speed ωx. The input impedance Zin2(s, t), determined by the quotient of 
the voltage U1(t) and current I1(t) space vectors, is compared with the input impedance Zin1(s), 
resulting directly from the machine equivalent circuit (Fig. 3), in order to determine the slip s 
and, consequently, the machine angular velocity. 
 

 
Fig. 4. The algorithm of electromechanical quantities estimation 

 
 The determined slip and the mathematical model described by the system of Equations (3) 
are used to calculate the k-th branch current space vector I•e

2(k)(t) in accordance with Equation 
(5). The reconstructed rotor current space vector is utilized for the estimation of the stator flux 
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space vector and the motor electromagnetic torque in pursuance of Equations (6) and (7) 
respectively. 
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where: L1σ – inductance associated with the stator leakage flux, including the stator slot, tooth-
top and winding overhang leakage flux, ω1 – stator voltage angular frequency, superscript e de-
notes estimated quantities. 
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 The comparison of the slip dependent stator impedance characteristic resulting directly 
from the machine secondary multi-loop equivalent circuit Zin1(s) with the one determined by 
the quotient of the voltage and current space vectors Zin2(s,t) is presented in Figure 5. 
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Fig. 5. The slip dependent stator impedance characteristics of the analysed induction motor: a) module, 

b) argument (description in the text) 
 

 The analysis have been conducted for the induction motor of Sg 132S-4 type with the solid 
rotor manufactured from the magnetic material-steel S235JR. The motor field model has been 
constructed basing upon the finite element method by using the Elektra Steady-State analysis 
module of the Opera-3D software. The electromagnetic field distribution on the stator surface 
in the air gap has been determined. The calculations have been performed at the supply current 
frequency varied in the range of 0.1÷1000 Hz. 
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4. Simulation investigations 
 
 The simulation experiment leading to the estimation of motor electromechanical quantities 
is based on the knowledge of the slip dependent stator impedance characteristic and instanta-
neous values of stator voltages and currents. 
 In practical applications, instantaneous values of stator voltages and currents are deter-
mined by measurement, here for the purpose of simulation investigations the values have been 
obtained by machine electrodynamic state solutions performed for the selected states of ma-
chine operation. 
 The simulation investigations have been conducted in the Matlab-Simulink environment. 
 
A) Start-up under no load 
 The waveforms of the motor speed and electromagnetic torque for motor start-up with zero 
initial speed nm(t = 0) = 0 rpm under the constant load torque of Tload(t) = 5 Nm (friction 
torque) are presented in Figures 6a and 7a (black solid line) respectively. In addition, at the 
time t1 = 4 s, the step change of the load torque up to the value of Tload(t1) = 36 Nm (Sg 132S-4 
nominal torque) occurs. Next, at the time t2 = 12 s, another step change of the load torque to 
its initial value Tload(t2) = 5 Nm takes place. The system moment of inertia is assumed to be 
J = 0.6 kgm2. 
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Fig. 6. Waveforms of the motor speed (a), its reconstruction error (b) and the slip (c) for motor start-up 

under no load (description in the text) 
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Fig. 7. Waveforms of the motor electromagnetic torque (a), (c) and its reconstruction error (b) for motor 

start-up under no load (description in the text) 
 
 
 The waveforms of the motor speed and electromagnetic torque estimated on the basis of 
the stator voltage and current space vectors obtained during motor start-up and load torque 
changes are presented in the same figures (red dashed line). The waveforms of the motor slip 
and electromagnetic torque in the initial phase of motor start-up are presented in Figures 6c 
and 7c respectively. 
 Additionally, during the motor electromechanical quantities estimation process, the slip 
error Δs is being observed. The slip error is determined based on the mutual location of the 
impedance trajectory Zwe2(s,t) in relation to the impedance trajectory Zwe1(s). The recon-
structed slip values se

max corresponding to the slip errors close to zero have been presented in 
Figure 6c (red dot). The averages of these slip values se

avg are considered as the estimated slip 
values and used in the further estimation process (blue dotted line in Figure 6c). The action 
described above allows reducing the oscillations of the estimated slip (speed), especially in the 
initial phase of machine transients. The proposed algorithm, associated with the reconstructed 
slip values averaging, introduces the dead time which lasts until the second minimum of the 
slip error Δs is reached. 

B) Start-up under load 
 The waveforms of the motor speed and electromagnetic torque for motor start-up  
nm(t = 0) = 0 rpm under the constant load torque of Tload(t) = 36 Nm are presented in Figures 
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8a and 9a (black solid line) respectively. The waveforms of the motor slip and electromagnetic 
torque in the initial phase of motor start-up under load are presented in Figures 8c and 9c 
respectively. The system moment of inertia is assumed to be J = 0.6 kgm2. 
 
 
 
 
 
 
 
 
 
Fig. 8. Waveforms of the motor speed (a), 
its reconstruction error (b) and the slip (c) 
for motor start-up under load (description 
                      in the text) 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
Fig. 9. Waveforms of the motor electro- 
magnetic  torque  (a),  (c)  and its recon- 
struction  error  (b)  for  motor  start-up 
   under load (description in the text) 
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Fig. 10. Waveforms of the motor speed (a), 
its  reconstruction  error (b) and the slip (c) 
for   motor  reverse  operation   (description 

                                                                                                              in the text) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 11. Waveforms of the motor electro- 
 magnetic torque (a), (c) and its reconstruc- 
tion  error (b) for motor reverse operation 

                                                                                                            (description in the text) 
 
 
 
 
 
 
 

 
C) Reverse operation 
 The robustness of the proposed algorithm for the electromechanical quantities estimation 
has been examined under motor reverse operation for the reference speed change from 
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nm(t = 0) = !0.5nmn rpm to the no-load motor speed. The load torque and the system moment 
of inertia are assumed to be Tload(t) = 5 Nm and J = 0.6 kgm2 respectively. The waveforms of 
the electromechanical quantities registered during motor reverse operation are presented in 
Figures 10a and 11a whereas Figures 10c and 11c show the motor slip and electromagnetic 
torque in the initial phase of the considered case of motor operation. 
 
 
 

5. Conclusion 
 
 The simulation investigations, carried out for the selected states of machine operation, 
allow to confirm the usefulness of the presented method for the sensorless estimation of IM 
electromechanical quantities. The implementation of the proposed method in state variables 
reconstruction systems requires the measurement of stator voltages and currents instantaneous 
values, the knowledge of the machine slip dependent stator impedance characteristic and its 
approximation in the form of the secondary multi-loop equivalent circuit. A slip dependent 
stator impedance characteristic and equivalent circuit parameters can be determined during the 
machine tuning process. 
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