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Abstract: Most studies on solenoid valves (SVs) assumed that the armature is con-
centrically positioned in the sleeve. Under this assumption the transversal component of 
the magnetic force is equal zero. The article presents an analytical calculation model for 
the estimation of the armature eccentricity. Using this model the eccentricity was calcu-
lated as a function of the sleeve thickness and the hydraulic clearance between the arma-
ture and the sleeve. After finding the eccentricity also the permeance of the radial air gap 
was calculated. This permeance has a direct influence on the drop of the magnetomotive 
force in the magnetic circuit and finally influences also the axial component of the mag-
netic force. In the article a calculation of both transversal and axial components of the 
magnetic force was carried out and presented in the appendix to the article. 
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  1. Introduction 
 
 Nowadays SVs are studied in the early stage of system development. Most of these studies 
focus on the modeling, dynamic response and control method of SVs. There are lots of reports 
regarding finite-element approaches [1], simulation models [2] and control [3, 4] of SVs as 
well as investigation of temperature distribution and thermal deformations inside the SV [5]. 
One can also find reports regarding the electromagnetic driving force of SV. The driving force 
is the force acting in the direction of the solenoid axis extending along the longitudinal length 
of the armature. In [6] authors presented a research of key parameters influencing the driving 
electromagnetic force of a SV. The driving force causes the movement of the SV armature and 
decreases the axial magnetic gap. In conventional linear solenoids the armature slides during 
its movement on the inner surface of the sleeve. The sleeve is usually made from a paramag-
netic material e.g. an aluminum alloy. The objective of the usage of a paramagnetic material is 
the insertion of the second magnetic gap in the magnetic circuit. This gap is placed between 
the armature and the magnet yoke and is denoted as the radial magnetic gap (Fig. 1). In most 
studies on SVs the thickness of the radial gap is kept constant independent from the circum-
ferential angle. In other words researchers take an assumption that the armature is placed con-
centrically in the sleeve. This assumption implies the homogeneous distribution of radial 
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magnetic forces over the armature circumference. Because of e.g. manufacturing imperfec-
tions the armature is in fact positioned eccentrically in the sleeve. In this case the distribution 
of radial magnetic forces over the armature circumference isn’t homogeneous and the result-
ing radial magnetic force attracts the armature toward the nearer side of the pole. Thus, an 
increased transverse force acting on the armature exists and causes friction between the arma-
ture and the sleeve. Friction with these components degrades the performance of the solenoid 
and causes wear. The investigation of the transverse magnetic force has been rarely reported. 
Sophisticated numerical computations by means of a 2D finite difference method ware carried 
out in [7]. One can also find some inventions having an objective to minimize the transverse 
force that occurs from armature eccentricity. In [8] the author described the reduction of the 
transverse force by the introduction of segmentation in the armature member. In [9] the 
transverse force is minimized by the insertion of small radial slots in the armature side surface. 
The objective of the study is to investigate which impact has the thickness of the sleeve on the 
eccentricity of armatures with different radii.  
 
 
  2. Hydraulic and magnetic radial gaps  
 
 The investigated solenoid valve was simplified to the layout shown Fig 1. The inner cylin-
der (with the radius r1) is the cross section of the solenoid valve armature. The room between 
the radii r1 and r2 is filled with oil. The ring between the radii r2 and R3 is the cross section of 
the solenoid valve sleeve.  
 

 
Fig. 1. Simplified layout of the solenoid valve 

 
 The difference between the inner radius of the sleeve and the radius of the armature is 
defined as the hydraulic clearance δh. The difference between the outer radius of the sleeve 
and the radius of the armature is defined as the nominal radial magnetic gap δm. 

  12 rrh −=δ , (1) 

  13 rRm −=δ . (2) 

 The thickness of the sleeve is the difference of its outer and inner radius  
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  23 rRu −=δ . (3) 

 The eccentricity of the armature e is defined as a radial offset between the sleeve and the 
armature axis (Fig. 1. on the right). Analogously to this definition follow definitions of the 
relative hydraulic and the magnetic eccentricities 

  1−= hh eδε , (4) 

  1−= mm eδε . (5) 

 Position-dependent hydraulic and magnetic gaps can be simplified for 1rh <<δ  and 
1rm <<δ  to [10] 

  ( )ϕεδ cos1 hhhh −= , (6) 

  ( )ϕεδ cos1 mmmh −= . (7) 

 
 
  3. Permeance of axial and radial gap 
 
 The permeance of the axial gap can be found using the formula that describes the room 
between two parallel surfaces with the area Ad [11]  

  1
01

−= bd hAG μ . (8) 

 The physical quantity μ0 in (8) is the permeability of vacuum. In the model it is assumed 
that the permeability of the oil, the solenoid valve is filled with and the permeability of the 
sleeve are equal to the permeability of the vacuum. In the case of armatures with axial holes 
the cross section Ad is smaller than the area of the top of the cylinder shown in Fig. 1. The 
axial holes have cylindrical form and are used for the mass reduction. An example of such 
holes can be seen in [9]. For such armatures in the case of a given radius r1 = R1 the cross 
section Ad is equal to 0

dA . Because the upcoming calculations are not restricted to the single 
armature radius but the calculations are going to be performed for different armature radii the 
area Ad can be determined as  

  ( )2
1

2
1

0 RrAA dd −+= π . (9) 

 The setting of (9) in (8) yields the permeance of the axial gap 

  ( ) 12
1

2
1

0
01 )( −−+= bd hRrAG πμ . (10) 

 The parameter hb in (10) is the length of the axial magnetic gap (Fig. 1). The permeance of 
the room between cylinders placed eccentrically in one another can be approximated 
using [11]  
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  ( ) 2/1
22

102 2
−

−= eLrG mm δπμ . (11) 

 The parameter Lm in (11) is the width of the yoke pole (Fig. 1). Changing in (11) the abso-
lute armature eccentricity with the relative eccentricity (5) yields  

  ( ) 2/1
21

102 12
−

− −= mmmLrG εδπμ . (12) 

 The formulas (8) and (12) will further be used in the calculation of the magnetic flux den-
sity in the axial and in the radial gaps.  
 
 
  4. Magnetic flux density  
 
 For the calculation of the magnetic flux density it is assumed that in the considered system 
the magnetomotive force θ is constant 

  Ni=θ . (13) 

 The parameter N in (13) is the number of coil windings and i is the value of electrical 
current flowing in the coil. It is also assumed that all metallic materials which participate in 
the building of the magnetic circuit have the infinite high permeability. Furthermore it is 
assumed that in the axial gap the magnetic flux density has only the axial component and it is 
spatially homogenously distributed  

  zzTzr BBBB 11111 ),,( eB == ϕ . (14) 

 Under this set of assumption one obtains the magnetic flux φ  after a multiplication of zB1  
with the armature top area (9) 

  ( ))( 2
1

2
1

0
1 RrAB d
z −+= πφ . (15) 

 In the radial gap the magnetic flux density is distributed over the armature circumference. 
In the case of a tight slot for which δm n r1 it can be assumed that the magnetic flux density in 
the radial gap has only the radial component 

  )(),,( 22222 ϕϕ rrTzr BBBB eB == . (16) 

 Under the use of the Ampère’s circuital law [12] one obtains under the previously taken 
assumptions 

  θμ021 =+ m
r

b
z hBhB . (17) 

 The use of the Hopkinson’s law [13] yields  

  θφφ =+ −− 1
2

1
1 GG . (18) 
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 The permeances G1 and G2 come from the formulas(10) and (12) respectively. After solv-
ing the equation system (10), (12), (15), (17), (18) one finally obtains the components of the 
magnetic flux densities in the axial and in the radial gap  

  
21

2
01 GG

G
h

B
b

z

+
= θμ , (19) 

  ( )
21

1
02 GG

G
h

B
m

r

+
= θμϕ . (20) 

 The formulas (19) and (20) will be used in the computation of the magnetic force acting on 
the armature of the solenoid valve.  
 
 
  5. Magnetic force  
 
 Under the assumption taken in the previous section the resulting magnetic force acting on 
the armature can be estimated using [14]  

  ( ) AF d)2(,, 21
0 ∫∫−==

A

T
z

m
y

m
x

mm BFFF μ . (21) 

 In the case of the axial component of the magnetic force the integration of (19) over the 
top surface of the armature is obvious and the formula (21) simplifies to  

  dm
z

m ApF 1= . (22) 

 The physical quantity pm1 in (22) is the density of the magnetic energy [15] 

  ( ) ( )2
1

1
01 2 z

m Bp −= μ . (23) 

 After the setting of (23), (19) and (9) in (22) one obtains 

  ( ))(
2

2
1

2
1

0
2

21

20 RrA
GG

G
h

F d
b

z
m −+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

= πθμ . (24) 

 For the estimation of the transverse magnetic force one needs first a definition of the 
vectorial surface element. It is given in the coordinate-system x, y (Fig. 1) with 

  ( )Tzr 0,sin,cosddd 1 ϕϕϕ=A . (25) 

 Because of the symmetry reason the transverse magnetic force has in the coordinate-sys-
tem x, y only the x-component. The integration of (20) in z-direction in boundaries mLz ,0∈  
yields 
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  ∫=
π

ϕϕ
2

0
21 dcosmm

x
m pLrF , (26) 

with physical quantity pm2 equal to 

  ( ) ( )2
2

1
02 2)( r

m Bp −= μϕ . (27) 

 After the setting of (27), (20) and (7) in (26) one obtains 

  ( )∫ −−⎟⎟
⎠
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GG
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F . (28) 

 The integral in (28) can be expressed as follows 

  [ ] ( )∫ −−==
ππ

ϕϕεϕ
2

0

22
0

01
2

01
2 d)cos(1)cos( mIJ . (29) 

 The solution to (29) was found using the integral tables [16] and is described in the ap-
pendix A. The integral (29) is equal 

  ( ) 2/3
201

2 12
−

−= mmJ επε . (30) 

 The setting of (30) in (28) yields the x-component of the magnetic force 
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= . (31) 

 The x-component of the magnetic force is in the considered case equal to the transversal 
magnetic force. It stays in equilibrium with the contact force between the armature and the 
sleeve.  
 
 
  6. Contact force of the armature 
 
 The reaction to the transverse magnetic force is the contact force. It can be estimated by 
integrating the contact pressure pk over the armature side surface 

  ( ) ∫∫−==
A

k

T
z

k
y

k
x

kk pFFF AF d,, . (32) 

 One obtains the contact pressure using the pressure model of Greenwood-Williamson [17] 
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  ( ) ( )χ
σβ

σσβπ −⎟
⎠
⎞

⎜
⎝
⎛ −⋅= − 141048.3'2

15
16 05.7

52 h
Rk

hEmp . (33) 

 The number of contact peaks per surface unit mR the curvature radius β of contact peaks 
and the roughness σ aren’t independent of each other. It can be assumed that mRβσ = 0.5 [10]. 
The physical quantity EN is the reduced module of elasticity of the contact armature-sleeve. 
The function χ is the Heaviside’s function with the argument hh(4σ)–1. The use of the vectorial 
surface element (25) and integration in hLz ,0∈  yields the x-component of the contact force  

  ( ) ∫∫−==
A

k

T
z

k
y

k
x

kk pFFF AF d,, . (34) 

 The parameter Lh in (34) is the axial length of the armature (Fig. 1). The integration over φ 
was done using numerical methods. 
 
 
  7. Calculation results 
 
 The transverse magnetic force (31) and the contact force (34) stay in equilibrium with one 
another and both depend on the armature eccentricity. One obtains the armature eccentricity as 
the solution to the equation (35) 

  ( ) ( ) 0=+ eFeF x
k

x
m . (35) 

 The Equation (35) was solved numerically for different armature radii r1 and different 
inner sleeve radii r2 (Fig. 1). The outer radius of the sleeve R3 was kept constant in the cal-
culation. The calculation ranges are indicated by (36) and (37) 

  min
311 , mRRr δ−∈ , (36) 

  minmin
3

min
12 , hmh Rrr δδδ +−+∈ . (37) 

 One can recognize from (37) that the lower border of the radius r2 depends on the radius r1. 
Because of this dependency the calculation room isn’t a square but it becomes a triangle. 
Restrictions of the ranges (36) and (37) are listed in the Table 1. 
 

Table 1. Geometrical parameters of armature and sleeve 

Parameter Value Unit 
12R  11.5 mm 

32R  12.1 mm 
min
mδ  150 µm 
min
hδ  10 µm 
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 In the investigated case the value of the roughness of the contact armature-sleeve is σ = 0.5 µm. 
The calculated armature eccentricity was shown as a function of the sleeve thickness δu and 
the hydraulic clearance of the armature δh according to (3) and (1) in Fig. 2 on the left. One 
can see from this figure that the armature eccentricity strongly depends on the hydraulic 
clearance. The value of the armature eccentricity in the whole calculation range is about 1 µm 
less that the value of the hydraulic clearance. From this view one cannot however recognize 
any dependency on the sleeve thickness. 
 

 
Fig. 2. Absolute armature eccentricity (left) and minimum distance from armature side surface to inner 

sleeve surface 
 
 In order to recognize this dependency the minimum distance from the armature side sur-
face to the inner sleeve surface according to  

  errs −−= 12δ , (38) 

was shown in Fig. 2 on the right. This distance varies in the whole calculation range from 
about 1 µm to about 1.5 µm. The increase of the sleeve thickness from 140 µm to 290 µm (for 
δh = 10 µm) results in the increase of δs of about 0.1 µm. The reason for this increase is the 
transversal component of the magnetic force that lowers its value for big sleeve thickness δu. 
In this case the armature is attracted less intensively to the sleeve. The magnetic force acting 
on the armature, the magnetic flux and the magnetic permeance are shown in the appendix B. 
 The relative hydraulic and the magnetic eccentricities according to (4) and (5) are shown in 
Fig. 3. The maximal and the minimal values of these eccentricities aren’t clearly recognizable 
in Fig. 3. The relative hydraulic eccentricity varies in the calculation range from about 85% to 
about 99%. Similarly to the absolute eccentricity e, also εh is almost independent of the sleeve 
thickness δu and strongly dependent on the hydraulic clearance δh. The relative magnetic 
eccentricity εm varies in the calculation range from about 3% to about 53%. Its dependence of 
the sleeve thickness becomes higher for big hydraulic clearances.  
 Another way to visualize the impact of the sleeve thickness on the armature eccentricity is 
to show δs (38) as a shoal of one dimensional functions δs = f(δu) for some selected constant 
values of r1-R1. 
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Fig. 3. Relative hydraulic (left) and relative magnetic eccentricity of the armature 

 
 
For visualisation purposes nine constant values in the range of μm133,011 ∈− Rr  was 
chosen. The distance δs is showed in Fig. 4 on left. The current value of r1-R1 is indicted on the 
top of Fig. 4. One can see from this figure that the impact of δu on δs is stronger for big 
armature radii. The increase of δu from 140 µm to about 160 µm caused the decrease of e to 
about 0.15 µm for r1 = R1 + 133 :m while the same increase of δu but in the case of r1 = R1 
caused the decrease of e of only about 0.04 µm.  
 
 

 
Fig. 4. Shoal of minimum distances from the armature side surface to the inner sleeve surface (left) and 

shoal its derivative 
 
 
 In order to visualize the impact of the sleeve thickness on the armature eccentricity the 
shoal of the derivatives us δδ ∂∂ /  was plotted in Fig. 4 on the right. The quantity us δδ ∂∂ /  is 
changing in the investigated range of δu and r1-R1 between about 2 [-] and about 14 [-]. 
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  8. Conclusions 
 
 For the investigated SV: 
• The absolute armature eccentricity is almost independent of the thickness of the sleeve. 

However for the hydraulic clearance equal to 10 µm, the minimum distance from the ar-
mature side surface to the inner sleeve surface of about 0.1 µm is bigger for the sleeve 
thickness equal to 290 µm than for the sleeve thickness equal to 140 µm. The variation of 
this distance is equal to about 20 % of the roughness of the contact armature-sleeve. 

• The minimum distance from the armature side surface to the inner sleeve surface varies 
from about 1 µm to about 1.5 µm. It means that this distance is twice to three times bigger 
that the roughness of the contact armature-sleeve. 

 
 
 

Appendix A: Excerpt from integral tables [16] 

 The integral (A 1) is to be found 

  [ ] ( )∫
−

−==
ππ

σσσε
2

0

22

0
01
2

01
2 dcoscos1IJ . (A 1) 

 The indefinite integral 01
2I  is equal to 

  ( )00
1

00
2

101
2 III +−−= −ε . (A 2) 

 For the first term of (A 2) can be written 

  ( ) ( ) ⎟
⎠
⎞⎜

⎝
⎛ +−−−=

−−
00
1

11
200

2 sincos11 II σσεεε . (A 3) 

 The setting of (A 3) in (A 2) yields 

  ( ) ( ) ( ) 00
1

1
211

2101
2 1sincos11 II

−−−
− −+−−−= εεσσεεεε . (A 4) 

 The definite integral of the first term of (A 4) in boundaries [0,2π] is equal zero. For the 
definite integral of the second term of (A 4) one obtains from [16] 

  [ ] ( ) 2/1
2

2

0
00
2 12

−
−= επ

π
I . (A 5) 

 The setting of (A 5) in (A 4) results in 

  ( ) 2/3
201

2 12
−

−= επεJ . (A 6) 
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Appendix B: Additional calculation results 

 

 
Fig. 5. Axial (left) and transversal component of the magnetic force acting on the armature 

 

 
Fig. 6. Axial magnetic flux density (left) and maximal value of transversal component  

of the magnetic flux density 

 

 
Fig. 7. Magnetic permeance of the axial (left) and radial air gap 
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