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THERMODYNAMIC PATTERN SELECTION IN THE STRIPES GENERATED PERIODICALLY DURING THE (Zn) – SINGLE
CRYSTAL GROWTH

TERMODYNAMICZNA SELEKCJA MORFOLOGII PRĄŻKÓW GENEROWANYCH PERIODYCZNIE PODCZAS WZROSTU
MONOKRYSZTAŁU (Zn)

The (Zn) – hexagonal single crystal growth was performed by the Bridgman system. Some eutectic stripes were generated
periodically in the single crystal. The stripes consisted of the strengthening inter-metallic compound, Zn16Ti and (Zn) – solid
solution. Two morphology transitions were recorded. At the first threshold growth rate, L-shape irregular rods transformed into
regular lamellar structure. The transition was accompanied by the irregular into regular morphology alteration. The regular
lamella into regular rods transition occurred at the second threshold growth rate. The new, proposed thermodynamic pattern
selection criterion (PSC) of the lower minimum entropy production was applied to describe the structural transitions. The
solid/liquid interface perturbation of the (Zn) – phase was referred to the marginal stability.
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Heksagonalny monokryształ roztworu stałego (Zn) został wyprodukowany w układzie Bridgmana. Prążki eutektyczne zo-
stały wygenerowane periodycznie w monokrysztale. Prążki składały się z umacniającego związku międzymetalicznego Zn16Ti
oraz roztworu stałego (Zn). Zarejestrowano dwa przejścia morfologiczne. Przy pierwszej prędkości progowej nieregularne
włókna o przekroju L doznały transformacji w regularne płytki. Temu przejściu towarzyszyła przemiana morfologii niere-
gularnej w regularną. Regularne płytki dokonały transformacji w regularne włókna przy drugiej prędkości progowej. Niższe
minimum produkcji entropii to proponowane, nowe kryterium termodynamiczne dla selekcji struktur, jakie zastosowano by
opisać przejścia strukturalne. Perturbacja frontu krystalizacji fazy (Zn) została odniesiona do stanu stabilności marginalnej.

1. Introduction

A strengthening phenomenon is often desired in some
materials. Usually, the strengthening leads to significant in-
creasing of some mechanical properties of a given material,
[1], [2]. The hexagonal (Zn) – single crystal can be strength-
ened when is equipped with regular stripes which contain
the Zn16Ti inter-metallic compound, [3]. Such a phenomenon
was already known in some materials to which particles were
added, [1], [2].

The studied hexagonal (Zn) – single crystal was doped
by the small amount of titanium and copper. The addition of
copper modifies the specific surface free energy at the sol-
id /liquid interface. Copper does not form an inter-metallic
compound with the zinc but is localized in the zinc / titanium
solid solution, (Zn). However, titanium forms an inter-metallic
compound with the zinc, Zn16Ti. The (Zn) – Zn16Ti is the eu-
tectic system. It provides an opportunity to control the growth
of the Zn hexagonal single crystal, and first of all to control
both an inter-striped spacing, F, shown in Fig. 1 and the stripe
thickness, T , Fig. 2.

Fig. 1. Structure of the single crystal equipped with the stripes;
a/ periodically localized stripes in a (Zn) – single crystal (scheme),
b/ the F – inter-striped spacing; (Zn) ≡ α
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Fig. 2. Locations of the III ≡ N0 – nominal solute concentration
of Ti in the Zn-Ti phase diagram and equilibrium solidification path
III − E − N0/k;NE = 0.18 [wt.%Ti], [4]; the ratio
F/T = (III−E)/(E−N0/k) is satisfied for the equilibrium solidification

The full thermodynamic description of the (Zn) single
crystal growth with periodic formation of the (Zn) – Zn16Ti
stripes requires introduction the model that deals with the
solute redistribution, [5], [6]. Next, there is also necessary to
deliver a steady – state solution to the diffusion equation which
yields the solute micro – field in the liquid at the eutectic s/l
interface, [7]. The solution involves a proper localization of
the thermodynamic equilibrium at the α/β inter-phase bound-
ary together with the mechanical equilibrium situated just at
the triple point of the s/l interface. This solution also allows
considering the entropy production in such a system within
which the transition from lamellar into rod-like microstruc-
ture occurs, [8]. The behaviour of the Ti – solute redistribu-
tion along the (Zn) – single crystal matrix, (F – area) and a
stripe’s structure selection will be analyzed in the current mod-
el. The new principle (PSC) of the lower minimum entropy
production, [9] will be applied in the analysis. The branching
phenomenon observed for the rod-like structure formation will
be treated as a bifurcation and referred to marginal stability.

2. Solute redistribution in the (Zn) – matrix

In the case of the (Zn) – single crystal which contains
strengthening stripes, Fig. 1a, the Ti – solute redistribution
can be measured along the (Zn) – matrix (within the F -
area), Fig. 1b. The applied Bridgman furnace was working
in the experiment as a closed system. Thus, the control of
strengthening could be done, to some extent, by an adequate
choice of a nominal concentration of titanium and by apply-
ing a proper growth rate, v, on which the α (v) back-diffusion
parameter depends. The solute redistribution is the function
of mentioned α (v) back-diffusion parameter, [6].

The choice of the nominal solute concentration results in
the stripe thickness. The smaller the distance between nominal
solute concentration and the eutectic point on the liquidus line
is, the wider are the stripes, Fig. 3. The solidification occurs
along the solidification path cyclically, and precipitates are
rejected at the end of each cycle to form the stripes, Fig. 3.

Fig. 3. Ti – solute redistribution as calculated for two alloys of the
nominal Ti – solute concentration equal to: 0.02 wt.% and 0.1 wt.%,
respectively, [10], NS (x, α) = k NL (x, α); the Zn-Ti single crystals
were produced at the Faculty of Non-Ferrous Metals of AGH Uni-
versity of Science and Technology, Kraków

The NB
(
x; X0, α

)
– function, delivered theoretically, fits

well the measurement points within the F – area for both ex-
amined samples, Fig. 3. The NB

(
x; X0, α

)
– function describes

the solute redistribution after back-diffusion, [6].

NB
(
x; X0, α

)
=

[
k + βex

(
x; X0

)
βin

(
X0, α

)]
NL (x;α) (1)

k− partition ratio,
[
mole f r./mole f r.

]
; x – crystal amount,

[dimensionless]; x = X0 – crystal amount at arrested growth;
βex – coefficient of redistribution extent, [dimensionless]; βin

– redistribution intensity coefficient, [dimensionless]; NL –
liquid content,

[
mole f r.

]
; Eq. (3).

NL (x;α) = N0 (1 + α k x − x)(k−1)/(1−αk) (2)

α = DS tl F−2 (3)

DS− diffusion coefficient into the solid,
[
m2/s

]
; tl – time nec-

essary for the F – matrix formation, [s].
As mentioned, the crystal growth is accompanied by

the eutectic precipitates. The growth rate, imposed in the
Bridgman system for a single crystal growth (with a seed)
v > 0, does not involve the equilibrium solidification. Thus,
the solidification path is longer than that shown in Fig. 2.
Therefore, it was possible to obtain precipitates even for the
nominal solute concentrations: N0 = I = 0.01 [wt.%Ti],
N0 = II = 0.02 [wt.%Ti], when the imposed growth rate, v,
involves the solidification path elongation beyond the eutectic
point till the NK – point on the liquidus line. NK is the solute
content in the liquid at the end of solidification.

The ratio between an amount of the crystal, xK , and an
amount of precipitate, iK , depends on the mentioned solidifi-
cation path elongation beyond the eutectic point:

xK /iK = (NE − N0) / (NK (α,N0) − NE) (4)



311

The end of solidification path is: NK (α,N0) = NL (xK , α), and
xK is defined as follows:

xK (α,N0) =
1

1 − αk

[
1 − (NE /N0)

1−αk
k−1

]
when 0 6 α 6 αE (N0)

(5a)

xK (α,N0) = 1 when αE (N0) < α 6 1 (5b)

with (αE k)
k−1

1−αEk = NE /N0, [6].
Regarding to the above considerations, iK (α,N0) = 1 −

xK (α,N0), [dimensionless].

3. Strengthening phase protrusion

The recent solution to the diffusion equation assumes the
existence of the mechanical equilibrium at the tripe point of
the s/l interface and thermodynamic equilibrium along the
inter-phase boundary, [7]. The steady-state solution to the dif-
fusion equation is given separately for the both eutectic lamel-
lae: α - phase lamella, and β- phase lamella. So,

a/ for the α - eutectic phase formation (the (Zn) – phase
in the Zn – Ti system),

δC(x, z) =

∞∑

n=1

A2n−1 cos
(
(2n − 1)π x

2Sα

)
exp

(
− (2n − 1)π

2Sα
z
)

(6)

A2n−1 = − 4
(2n − 1)π

Sα∫

0

fα(x) cos
(
(2n − 1)π x

2Sα

)
dx n = 1, 2, . . .

(6a)
b/ for the β – eutectic phase formation (the Zn16Ti – phase in
the Zn – Ti system), α

δC(x, z) =

∞∑

n=1

B2n−1 cos
(
(2n − 1)π (x − Sα + Sβ)

2Sβ

)
exp

(
− (2n − 1)π

2Sβ
z
)

(7)

B2n−1 = − 4
(2n − 1)π

Sα∫

Sα−Sβ

fβ(x) cos
(
(2n − 1)π (x − Sα + Sβ)

2Sβ

)
dx

(7a)
C− solute concentration within the micro-field formed in the
liquid,[at.%]; S j – half the width of the eutectic phase lamel-
lae, [m], respectively; f j – function used in the boundary con-
dition formulation for the α and β – eutectic phases formation,
[at.%], ( j = α, β), respectively; x, z – geometrical coordinates,
[m]; δC (x, z) – difference between C (x, z) and CE , where CE

is the eutectic concentration of the solute.
The above solution ensures the satisfaction of the local

mass balance, Eq. (8). However, the strengthening phase pro-
trusion, d, is to be taken into account, Fig. 4.

Sα∫

0

δC(x, 0) dx +

Sα+Sβ∫

Sα

δC(x, d) dx = 0 (8)

Fig. 4. Local mass balance within the solute concentration micro-field
for an eutectic system

The protrusion of the eutectic leading phase (strengthen-
ing phase), predicted theoretically, Fig. 4, and observed exper-
imentally in the past, [11], has also been revealed within the
stripes which contain the ((Zn) + Zn16Ti) eutectic, Fig. 5.

Fig. 5. The Zn16Ti phase protrusion revealed in the stripes (the EDS
observation); the x, z – coordinate system presents the localization
of the Ti – solute concentration micro-field; the d – leading phase
protrusion is defined due to the (Zn) – single crystal growth arresting

4. Thermodynamic selection of the eutectic pattern

The only condition which defines the stationary state is
the criterion of minimum entropy production, [12]. The en-
tropy production per unit time, PD

S , S = R, L, is calculated as
follows, [13]:

PD
S =

∫

V
σ dV σ = R∗ εC−1 (1 −C)−1 D∇2C (9)

V is the so-called „thermodynamic macroscopic point” inside
of which all essential fluxes are observed, [14]; R∗ – gas con-
stant, [J/ (mole K)]; ε – thermodynamic factor, [dimension-
less]; C – solute content, [at.%]; σ – entropy production per
unit time and per unit volume,

[
mole f r.2/

(
m3s

)]
.
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The entropy production for a rod-like and lamellar struc-
ture formation is, respectively:

PD
R = V1 v

(
rα + rβ

)−1
+ V2 v

(
rα + rβ

)−2
+ V3 v2+

V4 v2
(
rα + rβ

)
+ V5 v3

(
rα + rβ

)2 (10a)

PD
L = W1 v

(
Sα + Sβ

)−1
+ W2 v

(
Sα + Sβ

)−2
+ W3 v2+

W4 v2
(
Sα + Sβ

)
+ W5 v3

(
Sα + Sβ

)2
(10b)

in respect to the solution to Eq. (9). Vn;Wnn = 1, ..., 5 – con-
stants contain material parameters, [15]; r j, ( j = α, β) – size of
the matrix and rod radius within the regular rod-like structure,
respectively.

The calculations of the entropy production applied to the
Zn-Ti system are connected with the following experimental
observations: for 0 < v < v1, L-shape rods equipped with
branches appear, (irregular structure), for v1 < v < v

′
1, L-shape

rods with disappearing branches and regular lamellae coexist,
for v

′
1 < v < v2, regular lamellae are formed, exclusively, for

v > v2, regular rods are formed, exclusively.
The appearance of the observed structure is accompanied

by a proper entropy production, as postulated. Since the con-
sidered solidification occurs under stationary state, therefore
the entropy production, PD, manifests its minimum, Fig. 6.
The calculations are made to describe the competition be-
tween two eutectic regular structures formation (lamellar and
rod-like structure formation).

Fig. 6. Comparison of minimal values of the entropy production cal-
culated for both regular rod-like structure formation (formed twice)
and regular lamellar structure formation

The calculations of the entropy production, PD
S , applied

to the Zn-Ti system are made with an implementation of the
model for rotation of the mechanical equilibrium around the
triple point of the s/l interface. The mechanical equilibrium
is established by the parallelogram of the anisotropic specific
surface free energies together with inter-phase boundary free
energy.

The rotation is performed in function of the increasing
growth rate and adequate changes of the s/l interface curvature
of the non-faceted (Zn) – phase, Fig. 7.

As a result of the varying growth rate, the s/l interface
curvature changes due to rotating crystallographic orientation.
σL

(Zn) – specific surface free energy for (Zn) – phase,
[
J/m2

]
;

σL
(Zn)−Zn16Ti – inter-phase boundary free energy,

[
J/m2

]
.

Fig. 7. Changes of the specific surface free energy, σL
(Zn), and the

inter-phase boundary free energy, σL
(Zn)−Zn16Ti, as applied to the cal-

culation of the Vn;Wnn = 1, ..., 5 – coefficients

5. Irregular eutectic growth

Thermodynamics of the eutectic s/l interface formation
has already been developed to some extent, [16], [17], [18]. It
postulates that the regular structure areas exist inside the gen-
erally irregular morphology, as observed within the growth
rates range, 0 < v < v1. Thus, two characteristic spacing
can be selected within the generally irregular rod-like eutectic
morphology: a/ the R – spacing which is associated with the
regular rod-like structure formation; this spacing is referred to
the criterion of minimum entropy production, which describes
the stationary state, Fig. 8, and b/ the λi

s – spacing which
corresponds to the maximal destabilization of the non-faceted
(Zn) -phase s/l interface, Fig. 9; this perturbation wave, λi

s, is
referred to the state of marginal stability which is created at
that time of structure formation.

Fig. 8. Selection of the R – spacing by the minimum entropy produc-
tion; frozen s/l interface has a typical parabolic shape; R = 2

(
rα + rβ

)
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Fig. 9. Selection of the λi
s – spacing by the state of marginal stability;

frozen s/l interface is visible as a wave of perturbation

Both states (stationary and marginal stability) can be lo-
calized on the surface of the entropy production paraboloid,
[13], [14], [17] as plotted for steady-state solidification by the
Bridgman system, Fig. 10.

Fig. 10. Localization of the A – trajectory representing stationary
state and B – trajectory defining marginal stability for the irregular
rod-like eutectic growth

XC− generalized thermodynamic force associated with
the mass transport, [at.%/m]; XT – generalized thermodynam-
ic force associated with the heat transfer; [K /m]; v – crystal
growth rate, [m/s]; λ – inter-lamellar spacing within the regular
eutectic structure, [m].

Two trajectories are plotted in the Fig. 10: a/ A – tra-
jectory of local minima of the paraboloid for regular eutectic
structure formation, shown in Fig. 8, /B – trajectory of the
marginal stability which is referred to the maximal destabi-
lization of the s/l interface, shown in Fig. 9 connected to the
branching phenomenon (bifurcation). The oscillation occurs
between both trajectories as shown for a given condition of
solidification, v1, G1, when generally irregular eutectic struc-
ture is formed.

6. Concluding remarks

According to the current model, this eutectic structure ap-
pears within the strengthening stripe which is the winner in a
thermodynamic competition (which has its minimum situated
lower), Fig. 6. So, the lower localized minimum entropy pro-
duction is a pattern selection criterion successfully applied to
determine the winner in the structural competition, Fig. 6. The
postulated principle is valid even when the irregular eutectic
structure growth occurs.
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