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Abstract

Air core solenoids, possibly single layer and wsignificant spacing between turns, are often useénsure low str:
capacitance, as they are used as part of manyrseaso instruments. The problem of the correctvedton of the stre
capacitance is relevant both during design analidate measurement results; the expected valse lisw to be influence
by any stray capacitance of the external measuremstnument. A simplified method is proposed that doespasturb th
stray capacitance of the solenoid under test; tioa is based on resonance with an external dapacid on the use o
linear regression technique.
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1. Introduction

The present work originated from the need of det@nyg the stray capacitance terms of a
high voltage Rogowski coil with a wide frequencyga [1],[2]. This solenoid was designed
for high voltage immunity by selecting a coaxiahdactor instead of a single conductor and
the stray capacitance is represented by an artscllscheme of capacitance terms between
adjacent and non-adjacent turns. This design fsrdifit from the more usual solenoid with an
external cylindrical shield, that features a prepant winding-to-shield (or self-)
capacitance term, that reduces the relevance ddatukturn-to-turn (or mutual) capacitance
terms. The capacitance terms and their distribusilmmg the solenoid are relevant for two
reasons: they determine the overall frequency respof the solenoid and how an external
electric field couples to the solenoid elementssttietermining its susceptibility.

Other instruments that use solenoids of variouspehaand thus need an accurate
determination of the stray capacitance, at leasttlie characterization of the frequency
response at the upper extreme of the frequencyaifeare a magnetic field probe with tri-
axial windings operating up to 1 MHz [3] and a riomasive rail current sensor [4]. In both
cases the windings were built with an inter-turp g one wire diameter, chosen because of
construction ease. From a thorough examinatiohefiterature on the subject it was evident
that there are no satisfactory closed form expoessifor the calculation of the stray
capacitance term of air solenoids with one layer significant inter-turn gap.

2. Stray capacitance measur ement

There are a few references where closed form esipres and some measurement results
are presented [5]-[7], with limited agreement beiwehe presented results. Moreover, the
case of wide separation between adjacent turnarédyrtreated accurately enough. For this
reason the problem of the design of an experimesgalp and a measurement procedure is
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considered here. In the following only the literatuesults that are judged trustable are
reported for reference. Medhurst [6],[7] presengedemi-empirical formula, that fits the
results of several measurements on different saleno

Cuect =D |11268/D +8+27D 11 |, 1)

whereD [m] is the solenoid diameter ahdm] is the solenoid length. The first term is
derived from the Nagaoka formula for the solenoiduictance, the other two are determined
on an empirical basis.

Another formula credited to Medhurst, but for whiahprecise bibliographic reference
could not be found, is

Cwledz :487(3'[0.71D /1 +1+ 24(D /1)*°]. @

The case considered in [5] regards inductors witexdernal shield and is not applicable to
the present problem, as it was evident by inspedaifdhe curves behavior, opposite to
Medhurst findings and to what has been observedrarpntally.

3. Test setup and experimental results

The test setup is made of a signal source, a couphiethod to apply the signal to the
solenoid under test (s.u.t.) and a measurementimsit to detect the resonance condition.
The inductance of the s.u.t. is preliminarily detgred by calculation in order to define the
frequency range of interest and the prescribedegadii the external resonating capacitor.

3.1. Solenoid inductance

Two air solenoids are considered with two very afight wire diameters as reference
examples in the following: solenoid A with=1.0 mm of enameled copper wire, and solenoid
B with r,=4 mm, using a thick wire, represented by the esleshield of a RG58 coaxial
cable. The number of turiéis made variable between 10 and 40 turns.

The influence of the inductive part of the solenaidd the value of the natural self
resonance frequency were evaluated first [8][1@le Bpplication of the Webster-Havelock
formula (including Rosa correction for turns separg, with wire diameter in cm, turn
pitch p in cm, solenoid radiuR in cm, length in cm,N the number of turns)

RZN? 8R _1R? 1R* 5R® 35R®
RN e Ry - + -

L = 411 1-——+=— -== 4 22 298 4 |- 4TRN(A+B
WHR | 3ml 212 4% 161° 648 ( ), (3)

A=34904n(r/p) B=025if n<15 03 if n>15

gives a variable inductance of 2 tou6l for N ranging between 10 and 40 (as shown in
Fig. 1), with the extreme configuration o£1 mm andp=10 mm included only for
completeness.
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p=10 mm

Inductance [uH]

5 10 15 20 25 30 35 40
Number of turns

Fig. 1. Calculation of the solenoid inductance ggit):r=1 mm, variable pitclp (square)r=2 mmp=10 mm
(cross), r=4 mnp=10 mm (circle)

The problem of the dependency of the s.u.t. indweetan frequency was considered. If the
skin depth phenomenon is considered, the geomletidarnal inductancé.y is constant
since any change of the current distribution in Wiee cross section is symmetrical with
respect to the wire axis. The internal inductabgg on the contrary, may be estimated over
the frequency interval of interest by the practimamulae appearing in [8] or by numerical
computation (methods are summarized in [9]); f@irgle turn the ratid, / Lex iS already
less than 1% in all conditions, but if the totall.s. inductance is considered, thegy
increases more rapidly thanp,; with the number of turns and the ratio is evenlEmaess
than 0.1% above ten turns.

With ana-priori estimated stray capacitanCg of few pF, the self resonance frequency is
then estimated between 20 and 80 MHz, so thategtdineasurement of the stray capacitance
by a LCR bridge is not possible, since the indéctactance in parallel shunts the capacitive
reactance under measurement over too an extenglgaeficy range. So, the measurement of
the stray capacitance was designed using two drfféechniques and the setups as described
in [10]: in both cases the s.u.t. is connectedh® $ignal source and to the measuring
equipment with no galvanic coupling, by using eitlaetransmitting coil and a clamp-on
current probe on the s.u.t conductor, or twin tnaittsng and receiving coils coaxial with and
on either sides of the s.u.t.

3.2. Transmitting and receiving coils method

The excitation signal is applied to the s.u.t.¢sold under test) by means of a transmitting
coil (TC) with a very small number of turns, sotthta self resonance frequency is moved
well above the frequency range of interest. The.93uconnected to an external capadigs
to drive its resonance on a suitable frequencyrvate(see subsection C). In [10] it was
proposed to detect the resonance condition byreitha current probe in series to the coll
(the output variable is the current circulatingtie s.u.t.,, measured with a current probe
featuring a negligible insertion impedance (&)) or 2) a receiving coil, RX coupled to the
s.u.t. and similar or identical to the TC, with thetput variable being the RX coil voltage.
The use of the current probe and method 1) doesistire that the total resonating current is
measured, since a fraction of it recloses to treystapacitance (that establishes between each
pair of turns), before reaching the terminals @f $fu.t.. In this way it is possible (or it cannot
be excluded) that the current probe method givesysdiematic error that biases tikij
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estimate. On the contrary, the use with methodf 2o identical TX and RX coils mounted
coaxially on a supporting plastic pipe is able easure the resonating circuit as a whole; the
equivalent circuit is shown in Fig. 2. Since thetmoel 1) is more practical it will be
considered in a future development.

The frequency of the tracking generator is swepgrawe set frequency interval, by
applying the voltag®/, to the TX coil through the RF amplifier (optiona#ind the received
voltage Vi« is read on the spectrum analyzer input channeth BoX and RX coils are
designed to have a very large self-resonance freyuand a small reactance, so that the use
of a terminating 5QQ resistor ensures both impedance matching andribai@n of the
circulating current over a fairly wide frequencytarval. For the RX coil, since the output
voltage of the tracking generat¥y, is specified for &R=50 Q matching condition, for the
frequency value$ at which X, (=2mnfL,) <<R, the circulating currenky is given readily as

lw =GV, /50, whereG is the RF amplifier gain.

The RX coil receives a fraction of the field soutdey the TX coil related to the normal
coupling between the TX and RX coils (due to thggometrical characteristics, such as
diameter, number of turns, turn spacing, coil lareytd inter-coil distance). A second effect is
the additional shunting due to the interposed .s.when the s.u.t. resonance occurs its
impedance reaches a maximum, the shunting effecthes a minimum and the received
voltageV,, reaches a maximum.

Cext
I—tx L I—rx
S.u.t.
50 Q3 Cp 50 Q
Vie | Vi
1 I
RF Sp.
ampl. Tr.l An.
Gen.

Fig. 2. Measurement setup with coupled transméttel receiver coils and interposed s.u.t.

It is underlined that this method doesn’t rely dos@ute properties of the test setup, but
rather on the change in the received voltage duthdoinsertion of the s.u.t.. When this
operation is performed care must be given that gbsitioning is accurate to ensure
repeatability also of intermediate results, sucN@sand doesn’t modify accidentally the rest
of the test setup.

To demonstrate the characteristics of the measuresstup, two TX and RX coils have
been tested for their behavior at radiofrequenayceésan external capacitor may be used, the
attention here is on a frequency interval thatxterded from the [20, 80] MHz to lower
frequency down to approximately a few MHz; the TixdaRX coils are winded on a plastic
pipe that keeps them coaxial and allows to fix tima-to-turn separation (the turn pitch) by
applying adhesive tape. The aspects that havedmeidered are:

— the input impedance with respect to the referemabee of 50Q, expressed in terms of the
reflection coefficient and measured by means oparlreflection loss test;

— the transfer function between the TX and the RX measured by means of a 2 port test;

— the sensitivity of the signal to noise ratio dhe resonance frequency to the longitudinal
position of the s.u.t. between the two extreme sah the TX and RX coils.

The results of the characterization of the measargsetup are shown in Fig. 3 and 4.
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Fig. 3. Reflection coefficient and input impedande¢he TX (solid) and RX (dotted) coils

The transfer functioki(f ) was measured for variable distandaetween TX and RX coils,
with the distance measured between the mid poiaaoh coil.
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-35¢ / N
-40 I ]
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-55 ]
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Frequency [MHZ]
Fig. 4.H(f ) versus distancé =D, 1.2D, 1.0, 1.7D, 2D, 2.9, with the coil diameteb = 4 cm

The curves shown in Fig. 4 for increasing distasitcew a good uniformity and the first
two, ford=D and 1.2®, are almost free of any resonance behavior.

It is remembered that since the proposed methd&ssd on a relative measurement the
input impedance and the transfer function dontuerfice the final result, as long as they keep
within an acceptable range, that is a reflectiosffoment compatible with the operation of the
RF amplifier and the absence of relevant peakkartransfer function that could be confused
with the correct one.

To this aim the sensitivity of the resonance pea¥k, with respect to the positioning of
s.u.t. between the TX and RX coils is investigatederms of amplitude and frequency value.
The s.u.t. is made of seven turns of thin wire @%acm coil former and enters the test setup
from the TX colil side, moving towards the RX coyf b mm at a time (4 mm in the central
zone); the TX and RX coils are locatedlaD=4 cm distance.
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Fig. 5. Example of resonance peak
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Table 1. Amplitude and frequency of the resonareakversus s.u.t. position

S.u.t. positiorx [cm] Amplitude [dB]| Frequency
[MHZ]

0 (@ TX) -28.7 86.745
0.5 -25.5 85.255
1.0 -21.4 83.166
1.4 -18.5 82.410
1.8 -18.1 82.293
2.2 -18.4 82.302
2.6 -21.1 82.278
3.0 -22.1 83.283
3.5 -29.8 85.231

4.0 (@ RX) -31.8 85.514

In Fig. 5 the resonance peak on the left is theecbipeak, while the peak on the right is
due to a resonance of the present test setup amarg and is at the extreme of the
considered frequency interval. In the reported garthe s.u.t. is made resonating on its own
parasitic capacitance; to bring the self resonamtiee desired frequency interval and to apply
the method of the linear regression considerethenniext subsection an external capacitor is
connected at the terminals of the s.u.t..

The values reported in Table 1 show that in thaéraeéportion of the setup the change of
the resonance frequency for small positioning srietimited to about 6 ppm/mm.

3.3. Use of external capacitor

For the measurement setup described in the presidusection, since the self resonance of
the solenoid may be scarcely visible and/or pas#ith at too a high frequency, a linear
regression technique is followed [7], using extenesonating capacitors. The resonance
frequency is determined by the joint effect of tbl equivalent parasitic capacitar@gand
the external capacit@ex:

fo=—t (@)

21 [L(Cp, +Cex)

It is convenient to express the external capacitoa linear function of the square of the
resonance wavelength with the unknown stray cagramaC, as the intercept:
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1
Ce><t,i :m)‘?_cp :M?_Cp’ (5)

wherec is the speed of light and the paiks’(Cex: ) indicate the measurement points.

Several resonating capacitdCsy; were connected to the s.u.t. output terminals téwed
resonance frequency values recorded. The adoptedt IMean Square algorithm for the
determination of the linear regression coefficigfsispeA and intercept ) is sensitive to
the location of the reference points (see Sectitor details), so th€.x values were selected
clustered at the two extremes.

3.4. Sample measurement results

The tested case corresponds to one solenoid matteckfhollow cylindrical wire (the
external shield of a RG58 coaxial cable, with ausaaf 4 mm) with a progressively smaller
number of turnsN=10, 15, 20, 25, 30, 40), the cable in excess beutgaway [10]. The
measurements are made with ei@hf; values between 27 and 30 pF and eight values
between 2.17 and 2.21 nF, for a totall6 measurements.

The results oC, determination are shown in Fig. 6 together with ¢istimated uncertainty
intervals evaluated as described in the next Sectio

8

7F 4

i } |

Capacitance [pF]
N w » (6]

=
T
I

0

0 10 20 30 40 50
Number of turns
Fig. 6. Measured stray capacitance for the s.ith. n4 mm vs. number of turrg

The measurement results confirm an almost linelatioaship of the capacitance value
with respect to the number of turns.

4. Uncertainty analysis

In the following subsections the analysis of theartainty of the proposed method is
subdivided in the evaluation of the uncertaintyted to the adopted algorithm, that is a Least
Mean Square regression that propagates the individhcertainties of the input parameters to
the uncertainty of the estimat€y.
4.1. Algorithm uncertainty

When the stray capacitan€®, is determined as the intercept of the linear regjom
operated on the measured pairs of val@&s, (\°), the uncertainty is considered by defining
the confidence intervals at 180@ —a) % [13].
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The expression (5) in reality identifies a linealationship between the observed
resonance frequency (in terms)3f expressed dsin the following by means of a change of
variables) and the value of the external capacitgtr The same expression written for the
pairs Cext; i) of observed values takes the form

Cext,i 2’8‘)‘?_ép+ei:'&li_ép+ev (6)

whereg represents a sample of the error variabla and ép indicate the estimations of the

slope and intercept in the sense of the least mgaare minimization [13].

It is known that the estimations of the slopeand of the interceptG, taken as linear
combinations of the observed values, are unbiaseoha&ors and thus bring to the “exact”
values:

eal=a €e,]=c,. 7)

An unbiased estimator of the variancecad

Ge =120, (8)

~ 62
A :_e; 9
vatd] = ©
N ENE
var[cp]mghﬂ, (10
n-1 _ n-1 _ 1 n-1
where S =Y. =N*=> 17 -nl? with] =Ezli : (11)
i=0 i=0 i=0

The variance of the intercept identifies directie tuncertainty of the estimation of the
stray capacitanc€,. While the first term between square bracketD)nnfakes the variance
decrease for an increasing number of observatignihe second term indicates that the
distribution of the resonance frequency value®isvant to the reduction of the variance. In
other terms, for the degenerate case of all;ttegms equal to a constant valugthe variance
tends correctly to infinity. On the contrary, thésev distribution of the designed resonance
frequency values at the two extremes of the frequeange, gets the minimum variance.
Let’'s suppose that the setlpfalues is subdivided int@2 points aty, (the lower value) and
n/2 points al,p (the upper value), with the two values symmetneith respect to the central
point, that represents the average valugVhile keeping constant the average value, thma ter
Si is made larger by increasing the number of pairaad by maximizing the distance of the
two clusterd 4=2b. Thel,, andly, values are symmetric around the average valuso
that S, = nb?; they correspond to the lower and higher nomirsdacitance values, in the
performed tests equal to 27 pF and 2.2 nF resmdygtilf | Ob, (10) simplifies to

var[ép] Oo? % . (12)

The constraints fdl, andlg, are represented by the maximum measurable fregudrhe

frequency meter and by the extreme values of thermexl capacitors, that must be larger than
the expected stray capacitance and smaller thameenient maximum value, that ensures
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capacitance stability (with respect to temperataeations and ageing) by the availability of
high quality dielectric materials (dielectric coast stability and low losses).

The confidence interval for the estimator of thEerineptép is determined by observing

that, if the observations are normally and independlistributed, the intercept ist aandom
variable withn-2 degrees of freedom; thus, the amplitude of thafidence interval that
brackets the true valug, at 10(1 —a)% probability is given by

A | 22 A 2
Cp _tcx/Z,n—Z cgﬁ < Cp s Cp +tcx/2,n—2 O-gﬁ . (13)

A 95% prediction interval corresponds ¢=0.025 and for 1€n<oo ty,=2.0t0.12. The
half-width of the confidence interval, that idera# the uncertainty related to the calculation
methodu(C,), is then approximately twice the dispersion iatkcl by (8).

4.2. Instrumental and setup uncertainty

Until now the values of the pailC,, i) have been considered exact; yet, they are
characterized by the instrumental uncertainty eelad the determination of the values of the
external capacitors and of the resonance frequ@haydetermines the parameliei;?).

The external capacitors are high stability high liggpiacapacitors, whose values were
measured with a custom made capacitance bridgeirifeg a very low uncertainty and high
repeatability [14]; the maximum uncertainty for tloevestC.y values ak=2 coverage factor
is lower than 100 ppm.

The instrumental uncertainty is minimized by thetfeénat the spectrum analyzer is used
only to determine the resonance frequefi@nd its accuracy (&=2) is then better tha(5
ppm + 1% spaf/ + 10% RBWI,, where span and RBW stand for frequency span and
resolution bandwidth), as declared by the manufactwith negligible aging [11]; with
successive readings the frequency span and théutiesobandwidth may be reduced to
conveniently low values, so that the total uncatianever exceeds 100 ppm. The resonance
frequency is identified by locating the peak in ttig frequency response by reducing
progressively the frequency span of the spectrumlyaer until the desired frequency
resolution is obtained. It is observed that oveshart frequency interval the top of the
resonance peak is however difficult to locate, everthe vertical scale is adjusted
accordingly; the reason is that small amount os@&oalso picked up by the same RX cail,
that produces clutter on the display: to this airsudable average option is advisable. The
resonance frequency may be also determined by iagpigterpolation to the neighboring
points once a given frequency span is reached.

The combined uncertainty faCeyx) and u(f,) at k=2 is thus lower than 140 ppm and
represents the most significant instrumental faefé@cting the uncertainty on th€:; |;)
pairs and thus the estimated variance of the erasiable e The setup uncertainty is
approximately four to six larger.

5. Conclusions

The paper has considered the problem of determitiiagvery low stray capacitance of
single layer air solenoids with purposely separateds. Measured values and expressions to
be used as reference are very few in the literatumd they have been briefly reviewed to
support the proposed measurement method. This théthmsed on linear regression applied
to the pairs of values of the resonance frequendytlae external resonating capacitance; the
application of the driving signal and the measuneine the electrical variables is done
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without any galvanic connection to the solenoid amdtkest, not to influence the stray
capacitance terms, but the coupling is magnetimbgns of an external launching coil and a
current probe (or a receiving coil). The sourcesidertainty (both instrumental and related
to confidence interval of the regression algoritimye been considered and evaluated and
the method has been applied to one test case vatheaoid made with 4 mm radius wire.
The future development of this activity starts wikie practical validation of the estimated
confidence intervals of Section 4 with a Type A @ggh, repeating batch measurements on
the same solenoid in different days and periodh@fday to account for any external source
of uncertainty not considered before. Moreovem &t repeatability and the influence of any
test setup deviation will be considered by also etiad any non ideal characteristic of the
test circuit and verifying its behavior and freqogmresponse. Third, the availability of
automatic or semi-automatic measurement operatisngery important to reduce the
measurement times. Finally, some reference solenwilll be constructed and shipped after
measurement to other laboratories, in order tofywéhie accuracy of the method by direct
comparison with other methods, such as high pedooa LCR bridges and Vector Network
Analyzers. To this aim it is very important thatygohysical size limitation and connector
specification are carefully discussed and agreéur®&eand.
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