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Abstract: Business Process Modelling Notation (BPMN) is a visual specification language without
well-defined concepts for equivalences. This necessitates the establishment of fundamental notions that
underpin the equivalences of BPMN processes. The main body of the paper is centered around the princi-
ple of substitutibility in which different types of equivalences of BPMN processes are formally described.
Additionally, these results provide a basis for defining the behavioural equivalence of BPMN models. Our
research investigation contributes to the field of business process management by developing a tight con-
nection between BPMN and its associated equivalence notions.
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1. Introduction

Business Process Modelling Notation (BPMN) [1], Unified Modelling Language
(UML) activity diagrams [2], Business Process Executable Language (BPEL) and Web
Services Choreography Description Language (WS-CDL) are notable emerging stan-
dards in the domain of business process management. Both BPMN and UML activity
diagrams, maintained by the Object Management Group, are visual modelling languages
for documenting, specifying and designing business processes. BPEL is an XML-based
orchestration language, whereas WS-CDL is an XML-based choreography language.
They are managed, respectively, by Organization for the Advancement of Structured In-
formation Standards (OASIS) and World Wide Web Consortium (W3C). Unlike BPMN
and UML activity diagrams that are graphical modelling languages, BPEL and WS-CDL
are text-based modelling languages. In addition, BPEL is executable, whereas BPMN
and UML activity diagrams are non-executable.
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During the construction of business process models, a key aspect is to determine
whether a business process model is a substitute for another business process model re-
gardless of their physical representations. An important motivation for the replacement
of the original business process model is to reduce design complexity through the use
of an equivalent model with a more compact representation. As BPEL and WS-CDL
are intended to be used by programmers rather than business analysts for capturing the
design of business processes, this leads to theoretical and practical challenges for de-
veloping sound theories about the equivalence checking of models targeted at BPMN
and UML activity diagrams in lieu of the two text-based modelling languages. In our
prior works [3] and [4], a variety of equivalences for BPMN processes and UML activity
diagrams are examined. This work is considered as part of a series of research studies
with regard to the behavioural equivalences of workflow models. In particular, addi-
tional equivalence notions of BPMN processes other than those covered in [3] as well as
behavioural equivalence of BPMN models are explored.

The rest of this paper proceeds as follows. Section 2 describes related studies in the
area. A review of the notational elements of BPMN is presented in Section 3. Section 4
introduces a foundation for BPMN that serves as an underlying model for defining when
BPMN models are equivalent. Section 5 deals with the equivalences of BPMN processes
as well as the behavioural equivalence of BPMN models. A practical application of the
various types of equivalences is illustrated by means of a concrete example. Section 6
concludes the paper and points to promising areas for future work.

2. Related Work

A critical review of the literature is given in this section. We begin by consider-
ing studies related to the simulation, analysis and verification of business processes
modelled as BPMN 1.0 [5]. The techniques adopted by these attempts fall into two
main categories: process-algebraic techniques and graphical-based techniques. The -
calculus [6, 7, 8] and Communicating Sequential Processes (CSP) [9] are utilized in the
process-algebraic approaches, whereas Petri-nets and Colored Petri-nets are employed
in the graphical-based methods.

Bog et al. [10, 11, 12, 13] propose an approach to encode BPMN models in the
m-calculus. An automated tool PiVizTool [10, 11, 12, 13] is then used for simulating
and analyzing the associated m-calculus specifications. Dijkman et al. [14] advocate
the analysis of BPMN models with ProM framework by transforming them into Petri
nets. Through the definition of a semantic mapping between BPMN and CSP, Wong and
Gibbons [15, 16] analyze the compatibility between BPMN processes by means of the
Failure-divergence Refinement (FDR) model checker [17]. They provide an extension
of previous endeavour in [18, 19] by developing a relative-time semantic model on the
basis of CSP.
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Puhlmann [20] converts BPMN models into the 7-calculus in order to check the va-
lidity of the models by using the Advanced Bisimulation Checker (ABC) [21]. Ou-Yang
and Lin [22] present a two-step transformation in which BPMN models are translated
into BPEL4WS and BPEL4WS into Colored Petri-net XML (CPNXML). A verification
of various properties is then carried out with CPN tools [23]. To verify the correctness of
BPMN models, Raedts et al. [24] make use of Petri nets as an intermediate representa-
tion when formalizing BPMN models as mCRL2. As opposed to these research studies
that emphasize the simulation, analysis and verification of BPMN, the primary focus
of our work is on developing a theoretical framework for the equivalences of BPMN
processes and diagrams. Besides, our formalization is concerned with BPMN 1.2 in lieu
of BPMN 1.0 and covers all graphical constructs of BPMN 1.2.

In what follows, we offer a review of previous contributions that are related to the
study of equivalence checking in the context of business modelling. Equivalences of
UML statechart diagrams comprising isomorphism, strong behavioural equivalence and
weak behavioural equivalence are formally specified in terms of structural congruence
and open bisimulations in [25]. Gruber and Eder et al. [26, 27] systematize different
types of semantics-preserving transformations of workflows. Our work is distinguished
from these studies [26, 27] in two respects. Firstly, we examine the equivalences of
BPMN processes and diagrams in lieu of structured workflow graphs. Secondly, we pro-
pose several BPMN specific equivalences that allow us to substitute one BPMN process
for another BPMN process repeatedly. In [4], we discuss a methodological framework
for categorizing various kinds of equivalences for UML activity diagrams. A founda-
tional theory for the equivalences of BPMN 1.1 processes is delineated in our prior
work [3]. This paper goes one step further by establishing a formal basis for the equiva-
lences of BPMN 1.2 models.

3. Graphical Syntax and Execution Semantics of BPMN

This section, which the diagrams are adapted from [3], intends to give a brief intro-
duction to BPMN 1.2. We refer the reader to [1] and [28] for further reading on this
subject.

The four kinds of graphical elements in BPMN are flow objects, connecting objects,
artifacts and swimlanes. The flow objects as depicted in Figure 1 are divided into three
types: events, activities and gateways. The start of a process is represented by a start
event in which a token is created. A none start event signifies either the event type is
undefined or the commencement of a subprocess. The receipt of a message, the occur-
rence of a particular date and time, the holding of a condition and the receipt of a signal
are denoted by a message start event, a timer start event, a conditional start event and a
signal start event, respectively. A multiple start event can be triggered by more than one
start events.
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Fig. 1. BPMN notational elements

The end of a process is notated as an end event in which a token is consumed. A none
end event symbolizes either the event type is undefined or the end of a subprocess. The
sending of a message to another participant, the generation of an error, the cancellation of
a transaction subprocess, the triggering of a compensation, the broadcasting of a signal
and the immediate termination of a process as well as its subprocesses are rendered by
a message end event, an error end event, a cancel end event, a compensation end event,
a signal end event and a terminate end event. A multiple end event can throw more than
one end events.

The occurrence of an event during the execution of a process is represented as ei-
ther a catch intermediate event or a throw intermediate event. A catching none inter-
mediate event, a catching message intermediate event, a catching timer intermediate
event, a catching conditional intermediate event, a catching signal intermediate event
and a catching multiple intermediate event are defined in a similar way as a none start
event, a message start event, a timer start event, a conditional start event, a signal start
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event and a multiple start event. In the same spirit, a throwing message intermediate
event, a throwing compensation intermediate event, a throwing signal intermediate event
and a throwing multiple intermediate event are similar to a message end event, a com-
pensation end event, a signal end event and a multiple end event. A catching error
intermediate event, a catching cancel intermediate event, a catching compensation inter-
mediate event, a catching link intermediate event and a throwing link intermediate event
indicate the catching of an error, the catching of a transaction cancellation, the catching
of a compensation event, the receipt of a link event and the sending of a link event.

An activity is either a task or a subprocess. There are three kinds of task markers:
loop, multiple instance and compensation. Similarly, the subprocess markers are divided
into five categories: collapsed subprocess, loop, multiple instance, ad hoc and compen-
sation. A task is atomic, whereas a subprocess is decomposable. Depending on whether
the details of a subprocess are hidden or not, a subprocess is classified as a collapsed
subprocess or a expanded subprocess. A transaction is a subprocess whose enclosed
activities are either completed or reverted.

A data-based exclusive decision gateway sends a token along one of the mutually ex-
clusive outgoing sequence flows according to which conditional expression holds (Fig-
ure 2). A data-based exclusive merge gateway emits a token on the outgoing sequence
flow whenever a token is received from one of the incoming sequence flows. An event-
based exclusive decision gateway offers a token to each of the mutually exclusive out-
going sequence flows based on the receipt of an event. An event-based exclusive merge

gateway passes any received token to the outgoing sequence flow.
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Fig. 2. BPMN notational elements (continued)
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An inclusive decision gateway activates multiple outgoing sequence flows by gener-
ating a token on all outgoing sequence flows in which the associated conditional expres-
sions hold. An inclusive merge gateway blocks until all the expected tokens are arrived
before a token is sent on the outgoing sequence flow. A complex decision gateway and a
complex merge gateway decide, respectively, the collection of outgoing sequence flows
that are activated and the set of incoming sequence flows that tokens are expected de-
pending on an expression. A parallel fork gateway splits a process flow by sending
tokens on all outgoing sequence flows. A parallel join gateway merge process flows by
waiting until a token is arrived from each incoming sequence flow.

As shown in Figure 3, there are three types of connecting objects: sequence flows,
message flows and associations. A sequence flow connects two flow objects in a process.
A normal flow refers to a flow that passes over a set of gateways, whereas an uncontrolled
flow does not include any gateways in between the start event and the end event. A
conditional flow is a sequence flow that contains a conditional expression. A default
flow is selected only if the conditional expressions of all the other sequence flows do not
hold. A message flow specifies the interaction between two participants. An association
links up a flow object with an artifact. A directed association is used for defining a data
object is an input or output of an activity. An (non-directional) association connects a
text annotation with a flow object.

sequence flow —> <>L’ N >
normal/ conditional flow default flow
uncontrolled
flow
message flow O—— —[>

association = cceceeeee > ...........
directed  (non-directed)
association  association

Fig. 3. BPMN notational elements (continued)

The three standard artifacts in BPMN as delineated in Figure 4 are data objects,
groups and text annotations. A data object, which does not affect the flow of a process,
stands for data or document. It is the input and output of an activity. A group is a
graphical element for highlighting a group of notational elements. A text annotation
furnishes further description on a process or notational element.

A pool, which symbolizes a participant, is a container of a process. Each pool con-
sists of one or more lanes in which there is a unique name for each lane. A lane provides
a mechanism for grouping the notational elements of a process.

4. Formal Definitions for BPMN

BPMN is described in narrative form using informal English in [1]. This section
takes on the challenge of providing a mathematical model for BPMN 1.2. It builds upon
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Fig. 4. BPMN notational elements (continued)

the mathematical definitions advocated in [3]. Definitions 1-16 are an adaptation of
the ones presented in [3]. Definitions 17-36 attempt to extend our previous work by
incorporating lanes, pools and business process diagrams into the model. The results of
this section provide the formal rigour necessary for studying the equivalences of BPMN
models.

We start by giving three definitions that capture the concepts of start events, inter-

mediate events and end events from a formal perspective. With the presence of these
definitions, a formalization of the notion of events is then introduced.
Definition 1 (Start-event Tuple) A start-event tuple is a 6-tuple Qsp = (FRQ°, nggg,
FTlmer FCond Fg%n’ FMultl) where FNone Fg/[ﬁsg’ FTlmer FCond FSIgH and FIS\/IE?M
are sets of none start events, message start events, timer start events, conditional start
events, signal start events and multiple start events for catching the event triggers.

A start-event tuple contains six kinds of start events comprising none, message,
timer, conditional, signal and multiple.

Definition 2 (Intermediate-event Tuple) An intermediate-event tuple is a 15-tuple Qg

(FNone F%Sg F%Sg FTlmer F}%r FCncl FSEmPeH FCmpen FCond FLmk FLlnk

FSlgn FSlgn FMultl F%ﬁultl) where

. FNone F%Sg, FTlmer FFér’ FCncl FCmpen FCond FLlnk FIS];]gn and F%\/éulti are

sets of none mtermediate events, message mtermedzate events, timer intermediate
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events, error intermediate events, cancel intermediate events, compensation inter-
mediate events, conditional intermediate events, link intermediate events, signal
intermediate events and multiple intermediate events for catching the event trig-

gers; and
— Fp& F ICEmpen, F %Emk, F Iségn and F %\éum are sets of message intermediate events,

compensation intermediate events, link intermediate events, signal intermediate
events and multiple intermediate events for throwing the event triggers.

In BPMN, there are ten kinds of intermediate events for catching the event triggers
and five types of intermediate events for throwing the event triggers. The notion is
captured formally in form of an intermediate-event tuple.

Definition 3 (End-event Tuple) A end-event tuple is a 8-tuple Qrg = (F g%ne, F ggg’

Err Cncl Cmpen Sign Term Multi None Msg Err Cncl
Fygg, Fyp, Fgg > Fgg, Fep b Fgg ) where Fpge, Fgr, Fgg, Fep
F ggl pen F%én, Fg%rm and F%I]}:ﬂ“ are sets of none end events, message end events,

error end events, cancel end events, compensation end events, signal end events, termi-
nate end events and multiple end events for throwing the event triggers.

An end-event tuple divides end events into the following categories: none, message,
error, cancel, compensation, signal, terminate and multiple.

Definition 4 (Event Tuple) Suppose I'sg = {None, Msg, Timer, Cond, Sign,
Multi}, Tgg = {None, Msg, Err, Cncl, Cmpen, Sign, Term, Multi}, I'ip =
{None, Msg, Timer, Err, Cncl, Cmpen, Cond, Link, Sign, Multi}, I'z =
{Msg, Cmpen,‘Link7 Sign, Multi}, Fsg = Ujerg, Flp, Fpp = Uiergs Fip, FIg =
Uie(FIEUFﬁ) Flg, Fg = Uie{SE,EE,IE} F;, S’E“t is a set of event attributes and S’/E“tv is

a set of event attribute values. An event tuple is a 4-tuple Qr = (Qsg, Qe QrE, ‘Détt)
where

— QgE is a start-event tuple;
— g is an intermediate-event tuple;
— Qgg is an end-event tuple; and

— @étt g x Sétt — Séttv relates an event and an event attribute to an event
attribute value.

Fsg, Fgr and F1g are sets of start events, end events and intermediate events. We
define a function @%m which returns the event attribute value for a particular event
attribute of an event. An event tuple is specified in terms of a start-event tuple, an
intermediate-event tuple, an end-event tuple and a function @étt. Next, we concentrate
on the formal description of tasks and subprocesses on which the notion of activities is
built.
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Definition 5 (Task Tuple) Suppose M7y, represents the loop marker, My represents
the multiple instance marker, M ¢ represents the compensation marker, the valid combi-
nation of markers for tasks SY. = {{ My}, {Mwm}, {Mc}, {Mv, Mc}, {Mm1, Mc}},
the types of BPMN tasks 't = {Service, Receive, Send, User, Script, Manual, Refer-
ence, None} and StNames IS a set of task names. A task tuple is a 4-tuple Q1 = (F'r,
Py, (I)Ttype» (I)TName) where

— Fr is a set of tasks;
— by Fp— S %I defines for a task its set of markers;
— @riype : F'r — D' returns the type of a task; and

— PrName : F'7 — STNames Maps a task to its name.

Definition 6 (Subprocess Tuple) Suppose M csp represents the collapsed subprocess
marker, M7y, represents the loop marker, My represents the multiple instance marker,
M aAp represents the ad hoc marker, M ¢ represents the compensation marker, the valid
combination of markers for collapsed subprocesses S¥isp = {{Mcsp}, {Mcsp, M1},
{Mcsp, M}, {Mcsp, Map}, {Mcsp, Mc}, {Mcsp, M1, Map}, {Mcsp, M,
Mc}, {Mcsp, My, Map}, {Mcsp, M, Mc}, {Mcsp, Mc, Map}, {Mcsp,
M7y, Map, Mc}, {Mcsp, Mar, Map, Mc}}, the valid combination of markers for
expanded subprocesses S¥sp = {{}, {ML}, {Mmi}, {Map}, {Mc}, {M1, Map},
{My, Mc}, {Mwyr, Map}, {Mur, Mc}, {Mc, Map}, {Mr, Map, Mc}, {Mur
Map, Mc}}, Snp is a set of none-start-events processes, Sp is a set of processes and
B is the set of Boolean values. A subprocess tuple is a 10-tuple Qsp = (F'gp Bmbed - o gl‘iuse,

Bd
FEE ®rgrx, Pspu, ‘I)SE , @EEY, Onp, Pp, Prp) where

FEmbed js q set of embedded subprocesses;

— FReuse is a set of reusable subprocesses;
Fyg Ref is a set of reference subprocesses,

— Prx : Fg Embed U Fg Reuse U Fg Ref — B returns whether a subprocess is a trans-
action or not

— ®gpm : Fg EmbEd U Fyg Reuse U Fyg Ref — S%/ISP U SI\C/[SP specifies for a subprocess its
set of markerS'

— <I>de {z]|z € (FEmbed U FReuse) A dgpyp(z) € S¥apt — 2858 returns the set
of start events attached to the boundary of an expanded subprocess;

— de A{z|z € (FEmPed U FREwe) A dgpyi(z) € S¥yp} — 2FEE returns the set
of end events attached to the boundary of an expanded subprocess;

— Oyp F]gglbe‘i — SNp returns the associated none-start-events process;

— Pp: FSRfSuse — Sp returns the called process; and
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— Opp : Fgﬁf — Uie{Embed,Reuse,Ref} Fép returns the subprocess being referenced.

A task tuple and a subprocess tuple comprise a collection of functions as well as,
respectively, a set of tasks and sets of embedded subprocesses, reusable subprocesses and
reference subprocesses. There are three kinds of task markers: loop markers, multiple
instance markers and compensation markers. The valid combination of markers is based
on Section 9.4.3 in [1]. Likewise, four subprocess markers are allowed to use in both
collapsed subprocesses and expanded subprocesses. These encompass loop markers,
multiple instance markers, ad hoc markers and compensation markers. The sets { M csp,
My, Map} and {Mcsp, M1, Mc} specify that the placement of both a loop marker
and a multiple instance marker in a collapsed subprocess is invalid as defined in Section
9.4.2 of the BPMN specification [1].

Definition 7 (Activity Tuple) Suppose I'sp = {Embed, Reuse, Ref}, T'\p = {None,
Msg, Timer, Err, Cncl, Cmpen, Cond, Link, Sign, Multi}, I'npc = {None, Link,
Cncl}, I'n, = {None, Link}, Fa = Fr U U,crg, F§po STx = {2|2 € Ujerg, Fsp A
Orx(z) = true}, Sﬁtt is a set of activity attributes and Sﬁttv is a set of activity
attribute values. An activity tuple is a 5-tuple Qp = (Q, Qsp, (ID?Edy[_TX], @D?Edy[TX},
DAMN) where

— Qv is a task tuple;

— Qgp is a subprocess tuple;

Bdy[-TX . Fi . .
— dp vl } : Fa\ STx — 2 “€Te\I'NLC "B returns the set of intermediate events

attached to the boundary of an activity that is not a transaction,

Bdy[TX . F? . .
0] Ey[ ] 1 Stx — 2 €TE\'NL T 1B returns the set of intermediate events attached

to the boundary of a transaction; and

— DRy x SR — SRV yeturns the activity attribute value of an activity and
an activity attribute.

A task tuple, a subprocess tuple and a number of functions constitute an activity
tuple. None intermediate events and link intermediate events cannot be attached to the
boundary of an activity or a transaction. Additionally, cancel intermediate events are
restricted to be placed on the boundary of a transaction.

We now present four definitions that specify formally the concepts of exclusive gate-
ways, inclusive gateways, complex gateways and parallel gateways. The notion of gate-
ways is then defined by means of these definitions.

Definition 8 (Exclusive-gateway Tuple) An exclusive-gateway tuple is a 4-tuple Qxg
= (F¥pa FRua F¥per FRuc) where

— F QDG is a set of data-based exclusive decision gateways (DXDGs);
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— F QMG is a set of data-based exclusive merge gateways (DXMGs);
— FgE(DG is a set of event-based exclusive decision gateways (EXDGs); and
— F %MG is a set of event-based exclusive merge gateways (EXMGs).
Sets of data-based exclusive decision gateways, data-based exclusive merge gate-

ways, event-based exclusive decision gateways and event-based exclusive merge gate-
ways form an exclusive-gateway tuple.

Definition 9 (Inclusive-gateway Tuple) An inclusive-gateway tuple is a 2-tuple Q1 =
(Fipa, Fimg) where

— Fipg is a set of inclusive decision gateways (IDGs); and

— Fvg is a set of inclusive merge gateways (IMGs).

Definition 10 (Complex-gateway Tuple) A complex-gateway tuple is a 2-tuple Qcq =
(Fcepa, Fomg) where

— Fcpa is a set of complex decision gateways (CDGs); and
— Fowme is a set of complex merge gateways (CMGs).

Definition 11 (Parallel-gateway Tuple) A parallel-gateway tuple is a 2-tuple Qpc =
(Fppc,, ijg) where

— F'prg is a set of parallel fork gateways (PFGs); and

— Fpjq is a set of parallel join gateways (PJGs).
Definition 12 (Gateway Tuple) Suppose I'xc = {XDG, XMG}, I'ig = {IDG, IMG},
I'ce = {CDG, CMG}, T'pg = {PFG, PJG}, Fxg = Uie{D,E} UjeFxc F, Fig =
UieFIG Fi, Fog = UieFCG Fi, Fpg = UierG Fi, Fg = Uie{XG,IG,CG,PG} F;, Sétt

is a set of gateway attributes and S éttv is a set of gateway attribute values. A gateway
tuple is a 5-tuple Q¢ = (xc, Qic, Qoa, Qpa, PAN) where

— Qxq is an exclusive-gateway tuple;

— Q¢ is an inclusive-gateway tuple;

— Qcq is a complex-gateway tuple;

— Qpq is a parallel-gateway tuple; and

— QA Fo x SA% — SAYY defines for a gateway and a gateway attribute the
corresponding gateway attribute value.
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The two types of inclusive gateways are: inclusive decision gateways and inclusive
merge gateways. There are two sorts of complex gateways: complex decision gateways
and complex merge gateways. A parallel-gateway tuple is composed of sets of parallel
fork gateways and parallel join gateways. By combining an exclusive-gateway tuple,
an inclusive-gateway tuple, a complex-gateway tuple, a parallel-gateway tuple and a
function ®A™, a gateway tuple is obtained.

In what follows, a definition for connecting-object tuple is offered. A process is then
defined in terms of events, activities, gateways and connecting objects.

Definition 13 (Connecting-object Tuple) Suppose Iy = {Msg, Msg, Timer,
Cond, Link, Link, Sign, Sign}, F}]rag = {None, Msg, Msg, Timer, Cmpen,
Cmpen, Cond, Link, Link, Sign, Sign}, Sp = Uicpacy B S 0 =
Unetra® o, mipisn) B (A) U Urpesy @ (T2) \ Fi™™ s the
set of non-compensation intermediate events attached to activities and transactions,
ST = {a|(z € Fr A Mc € Orm(@)) V (2 € Usery, Fip A Mc € Ospu())}

is the set of activities with the compensation marker, Si\g[sm] = Uier% Fio \
Bdy[-TX] Bdy[TX] . .
(UAe(FTUSZ.GFSP Fio\Stx) PIE (A) UUrzesx P (T'z)) is the set of inter-

mediate events that are sources of normal or uncontrolled flows, S %F[trg] = Uz‘eF?Eg FfE
\ (UAE(FTUSz‘erSP Fip\Stx) @?Edﬂ ] (AU UTa:eSTX CID}BEdY[TX} (T'z)) is the set of in-
termediate events that are targets of normal or uncontrolled flows, Sé“ is a set of con-
necting object attributes and Séttv is a set of connecting object attribute values. A
connecting-object tuple is a 7-tuple Qc = (Apo, Csr, Cpa, Sconds Pconds PisDF
DA") where

— Apo is a set of data objects;

— Csr € (S8 \ (Fpp U S3™™ U Fip) U (Upepphea @p (P) U S CmPer

U Sy ®)) % (Sp \ (Fsp U Fig) U (Upermbea O (P) U Spy ) is a set
of sequence flows (SFs);

— Cpa C (Fa X Apo) U (Apo x Fa) U (F%npen X FA) is a set of directed
associations;

— Scond I8 a set of conditions;
— DPcond : Csr — Scondg returns the condition of a sequence flow;
— Ops : Csyp — B returns whether a sequence flow is a default sequence flow; and

— ?étt : .Uie (SF.DA} C; x SAt —>.Séttv. relates.a connecting object and a connect-
ing object attribute to a connecting object attribute value.
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In Definition 13, the expression (Sg \ (Fgg U S gmpen U Fig) U (U PeFEmbed
PV (P)U S?Ed yl=Cmpen] SINEF[SrC])) states that
(i) an end event cannot be a source flow object with the exception that it is attached
to the boundary of an expanded subprocess; and
(i) a compensation activity does not have any outgoing sequence flows.
In a similar way, the expression (Sf \ (F'sg U F1g) U (UPnglgnbed (I)SBgy(P) U SEEF[trg}))

says that a start event cannot be a target flow object except it is attached to the boundary

of an expanded subprocess. A sequence flow is a subset of the cross product of these two

expressions. The expression (F'p x Apo) U (Apo x Fa) U (SSEmperl x F ) stipulates

that a directed association connects

(i) a data object with an activity; or

(i) a compensation intermediate event for catching the event trigger with an activity.

Definition 14 (Process) A process is a 4-tuple P = (Qg, Qa, Qa, Qc) where

— Qg is an event tuple;

— Q4 is an activity tuple;

— Qg is a gateway tuple; and

— Qg is a connecting-object tuple.

A process consists of four components: an event tuple, an activity tuple, a gateway
tuple and a connecting-object tuple.

Definition 15 (None-start-events Process) Given a process P with a start-event tuple

Qsg = (FYg™, F lg/lgg’ Flimer p gﬁnd, F g}%n,' F g/[ﬁllti). The process P is a none-start-
: : i

events process if and only lf/\z‘eFSE\{None}(FSE =0).

A none-start-events process is a process that contains solely none start events.

Definition 16 The function ®tp, defined below, returns the task name, none-start-
events process, called process or referenced subprocess depending on whether the pa-
rameter is a task, an embedded subprocess, a reusable subprocess or a reference sub-
process.

<I>TName(:E) ifx € Fp

. dnp (ac) ifx e F]SE)Ianbed
2p(2) = gp(a) if x € FRge

(I)Rp(.%') ifx e Fgf)f.
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Definition 17 (Equivalence Class 29) Suppose R is an equivalence relation on a set S
and s € S. An equivalence class of s, written [s|g, is defined by

[s]r = {z € S|(x, s) € R}.

An equivalence relation, which is a binary relation, divides a set into equivalence
classes which are pairwise disjoint. Each element of the set is a member of solely one
equivalence class. All elements of an equivalence class are regarded as equivalent.

Definition 18 Suppose a process P = (Qg, Qa, Qa, Qc), Qg = (k5 Qi QEE,
op™), Qa = (21, Qsp, ‘I’?Sy[iTX], ‘I’?Edy[TX}’ o), Qq = (QXG’ fu, Slca,
Qpa, (I)Att) Qc = (ADO, Csr, Cpa, Sconds Pcond, Prspr, cI)C ) Qsp = (FIS\IEOHB’

Msg Tlmer Cond Sign Multi None Msg Msg Tlmer Err
FYse plimer pCond pSien - pMultiy ¢ — (pNone pMsg  pMsg - prlimer - pBrr

IE IE
Fcnd, FgEmpen’ FCmpen FCond FLlnk FLlnk FIS];)gnr FIS];)gn’ FMultl F%\]/ﬁl}ulti)} Qrp

(FNone Fg[];g’ F%g’ Fgﬁd, Fgglpen» Flsing]n’ FTerm FMultl) QT — (FT; (I)TM’
PTtyper PTName), sp = (FEmbed FRewe, PR &1y, Dpur, Py, Ppns P, P,
®rp), Oxa = (FRpe FRuae FXDG’ FXMG)’ e = (Fia, Fiva), Qoc = (Fopa,
Fome), Qpa = (Fpra, Fria), domaingg(Csp) = Sr \ (Frg U ST™ U Fig)

U (Upersgoea @’ (P) U Sps” = U §P), rangegre(Cse) = Sk \ (Fsp U

Fig) U (Upepglgxbed @]S'Q’gy(P) U S}\g[trg]), domainpa(Cpa) = Fa U Apo U chpen
and rangepa(Cpa) = Apo U F'a. The functions sourcesy : C'sp — domaingr(Csr)
and targetgy : Csp — rangesy(Cgsr) relate a sequence flow (01, 02) € CsF to 01 and
09, respectively. The functions sourcepp : Cpa — domainpa(Cpa) and targetpy :
Cpa — rangepa (Cpa) map a directed association (a1, az) € Cpa, respectively, to ay
and as.

The functions sourcesr and targetgy return, respectively, the source and target flow
objects of a sequence flow. Likewise, the functions sourcepa and targetpa determine
the source and target objects of a directed association.

The formal definition that follows specifies how a process is partitioned. With the
concept of partitioned process in place, the notions lane and pool are then defined sub-
sequently.

Definition 19 (Partitioned Process) Suppose a process P = (Qg, Qa, Qa, Qc). As-
sume that Qg, Qa, Qa and Q¢ are deﬁned in Definition 18 and equivalence rela-
tions RDO’ RSF’ Rpa, RCond» RSEHG RS sg RTlmer RCond Rggn’ RMultl RNone
RI sg Ri\]/ésg’ RTuner R{%r, RCncl RCmpen RCmpen RI ond RLlnk RLlnk RSIgH’
Slgﬂ Multl Multl None Msg Err  pCncl Cmpen Slgn Term Multl
Ry, R RS, R, o, BES, RO Rig®™, R’ REE™ RYE™, P,

Embed Reuse Ref D E
R R RSP , RXDG’ RXMG’ RXDG’ RXMG’ RIDG, RIMG; RCDG, RCMG;




47

Rpra, Rpyc on Apo, Csr, Cpa, Scond, FNQ, Fapt, Faimer, pgond 2%“, st
FNone FMSg FMSg FTlmer FErr FCnCl FCmpen FCmpen FCond FLlIlk FLlnk

1IE ° IE ° IE » 1E 1E
Slgn Sign Multl Multl None Msg Err Cncl Cmpen Slgn ‘Term
FIE’FIE’F F F ’FEE’FEE’FEE’F FEE’F ’

Multl Embed Reuse Ref
Fg Fr, F F FSP’ FXDG’ FXMG’ FXDG’ FXMG’ Fipa, Frve,

Fcpg, FCM(;, FPFG, ijc,. The process P is a partitioned process.

Definition 20 (Lane-start-event Tuple) Suppose a process P is a partitioned process.
Assume that I'sy, is defined in Definition 4. A lane-start-event tuple is a 6-tuple wsp

= (FFNQre, FFg®, FFEer, FESM, FFGE", FFMWYY where \;op. (FFly C
Fip AVo1,00 € FFgg.[01] i = [o2] g )-

i€l'sg (

Definition 21 (Lane-intermediate-event Tuple) Suppose a process P is a partitioned
process. Assume that I'tg and 'y are defined in Definition 4. A lane-intermediate-
event tuple is a 15-tuple wip = (FFNO"™, FF)58, FF¢, FREmer pple ppGnc
FFICEmpen’ FFICEmpen FFCond FFLlnk FFLmk FFISégn, FFIS];}gn’ FFMUItl, FF%\%ulti)
where /\ieFIEuFﬁ (FFig C Fig A VUL 02 € FFIE' [UI]R;E =[o ]R;E)~

Definition 22 (Lane-end-event Tuple) Suppose a process P is a partitioned process.
Assume that U'gg is defined in Definition 4. A lane-end-event tuple is a 8-tuple Wgg

= (FFNg, FFy®, FFES, FRGR, FRLEP, FFRE, FFLEm, FRMY) where
/\ieFEE(FFEE C Fiyp AVo1,02 € FFgg. [01]Ri, = [o2]Ri)-

Definition 23 (Lane-event Tuple) Suppose a process P is a partitioned process. A
lane-event tuple is a 4-tuple wg, = (WSE, WIE, WEE, @étt) where

— WSE IS a lane-start-event tuple;
— wiE is a lane-intermediate-event tuple; and

— WEE IS a lane-end-event tuple.

A lane-start-event tuple relies on a start-event tuple in which every element of the
lane-start-event tuple is a subset of the respective element of the start-event tuple. Like-
wise, a lane-intermediate-event tuple and a lane-end-event tuple relate, respectively, to
an intermediate-event tuple and an end-event tuple. A lane-start-event tuple, a lane-
intermediate-event tuple and a lane-end-event tuple and the function @%“ make up a
lane-event tuple.

Definition 24 (Lane-task Tuple) Suppose a process P is a partitioned process. A lane-
task tuple is a 4-tuple wr = (FFr, @M, Priypes PTName) Where FFp C Fr A Yoy,
g9 € FFT. [O’l]RT = [O’Q]RT.
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Definition 25 (Lane-subprocess Tuple) Suppose a process P is a partitioned process
and T'sp = {Embed, Reuse, Ref}. A lane-subprocess tuple is a 10-tuple wsp =

Bdy 1Bd
(FFEmbed pplieuse ppRet &y, @gpy, Pop’s P s e, p, Prp) where A\

(FFip C Fép AVo1,02 € FFp. [01]ri,, = o2l R ,)-

i€lgp

Definition 26 (Lane-activity Tuple) Suppose a process P is a partitioned process. A

lane-activity tuple is a 5-tuple wa = (wT, wsp, <I>}3]£1 yI=Tx] @?g vITX] DAMN) where

— wr is a lane-task tuple; and

— wgp Is a lane-subprocess tuple.

There are correspondences between lane-task tuple and task tuple as well as lane-
subprocess tuple and subprocess tuple. A lane-activity tuple is defined in terms of a
lane-task tuple and a lane-subprocess tuple.

Definition 27 (Lane-exclusive-gateway Tuple) Suppose a process P is a partitioned
process, I'xt = {D,E} and T'xg = {XDG, XMG}. A lane-exclusive-gateway tuple is
a4-tuple wxg = (FFXpa, FFRye FFRpe FFRua) where Niery, Njerye (FFj C
FiANVoy,09 € FF;.[O‘l]R;‘_ = [O’Q]Ré).

Definition 28 (Lane-inclusive-gateway Tuple) Suppose a process P is a partitioned
process and T'1g = {IDG,IMG}. A lane-inclusive-gateway tuple is a 2-tuple wic =
(FFID(;, FFIMG) where /\iEFIG(FFi C F; ANVoy,09 € FFzW[Ul]R,‘ = [O'Q]Ri).
Definition 29 (Lane-complex-gateway Tuple) Suppose a process P is a partitioned
process and I'cg = {CDG, CMG}. A lane-complex-gateway tuple is a 2-tuple wcg =
(FFCD(;,, FFCMg) where /\iEFCG(FFi C F; ANVoy,09 € FFi'[Ul]Ri = [O’Q}Ri).

Definition 30 (Lane-parallel-gateway Tuple) Suppose a process P is a partitioned
process and I'pg = {PFG,PJG}. A lane-parallel-gateway tuple is a 2-tuple wpg =
(FFpra, FFpjc) where \;cr, . (FF; C Fy AVo1,02 € FF;.lo1]Rr, = [02]R,).

i

Definition 31 (Lane-gateway Tuple) Suppose a process P is a partitioned process. A
lane-gateway tuple is a 5-tuple wg = (WX, WIG, WCG, WPG, @étt) where

— wxgq Is a lane-exclusive gateway tuple;
— wiq is a lane-inclusive gateway tuple;
— wcgg Is a lane-complex-gateway tuple; and

— wpq Is a lane-parallel-gateway tuple.
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Definition 32 (Lane-connecting-object Tuple) Suppose a process P is a partitioned
process and T'co = {SF,DA}. A lane-connecting-object tuple is a 7-tuple wc =
(AApo, CCsp, CCpa, SSconds Pconds Prspr, PAY) where (AApo C Apo A
Yoi,09 € AADO-[Ul]RDo = [UQ]RDO) A /\iEFco (CC; C C; NVYoy,09 € CC,.
[01]r;, = [02]R,) N (SScCond € Cond A V1,02 € SScond-[01] Reona = [02] Reona )-

Analogously, we define a lane-exclusive-gateway tuple, a lane-inclusive-gateway tu-
ple, a lane-complex-gateway tuple, a lane-parallel-gateway tuple, a lane-gateway tuple
and a lane-connecting-object tuple based on the same principles.

Definition 33 (Lane Structure) Suppose a process P is a partitioned process. A lane
structure is a 4-tuple LS = (wg, wa, wg, wc) where

— wg is a lane-event tuple;

— wa Is a lane-activity tuple;

— wg is a lane-gateway tuple; and

— wc is a lane-connecting-object tuple.

A lane structure describes the way in which events, activities, gateways and connect-
ing objects are connected together in a lane.

Definition 34 (Lane) A lane is a 2-tuple LANE = (SpNames, LS) where

— SLNames i a set of lane names; and

— LS is a lane structure.

Definition 35 (Pool) A pool is a 2-tuple POOL = (PName, St ang) where

— PName is a pool name; and

— SLANE is a set of lanes.

As lanes can be nested, a lane is uniquely identified by a set of lane names. Each
pool has a pool name and embodies a collection of lanes.

In the following, we end this section by providing a definition of a business process
diagram.
Definition 36 (Business Process Diagram) Let ¢ represents the empty string, FIS\,/[ES%”
be the set of message start events of process P; for catching the event triggers, F' iﬁ%l)
be the set of message intermediate events of process P; for catching the event triggers,

F i\]/[;(%i) be the set of message intermediate events of process P; for throwing the event
triggers, F' BEA];%P” be the set of message end events of process P; for throwing the event

triggers, F yp,) be the set of activities of process P; and PName®OOL) pe the pool
name of pool POOL; for i = 1,2. A business process diagram is a 4-tuple BPD =
(Spoor, Sp, ®rooL—p, Cur) where
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— SpooL is a set of pools;
— Sp is a set of processes;

— Ppoor—p : Spoor — Sp U {e} relates a pool to a process; and

Msg Msg
_CMFCUPlP'QeSp((FEsg U Fiaey U Faen)

M EP1) IE®P1)
><(‘1:1S]~3§gF’2) U F1E<P2> U FA<P2)))U
M M POOL
UPOOJZIQEG%POOL((FE;%PN UFNEE U Fye,) x {PNamePOOk) 1)U
POOL M M
UPOOIzQee%p ({PName( 1)} X (Fs}sng) U FIES<%’2> U FA(Pz)))U
1€SPooL

UprooL,.pooLsespon, {PName POV Y s { PName(POOL2)1) is a set of mes-
sage flows such that ®poor,—p(POOL;) = P,.

. Msg Msg Msg Msg
The expression UPl,PQGSp((FEE v U F ey YUFaen) X (Fepep,) YU Fipe,) U

F \(r,))) states that a message flow joins the flow objects of two different pools. The
. Ms M
expressions | pesp ((FEI;%Pﬁ U FIE?%,” U F yep) X { PName(POOL2)}) and
POOL2eSpooL

M M .

UPOOJZQG%P ({PName(POOLl)} X (FSES(gPZ) U FIES(%Q) U Fupy)) stipulate that
1€5pOOL

a message flow links up a pool and a flow object of another pool. The expression

UPOOLLPOOL%SPOOL({PName(POOLl)} x {PNamePO9L2)1) says that a message
flow connects two different pools.

5. Equivalences of BPMN Models

A collection of equivalences for BPMN processes is discussed in considerable detail
in our previous work [3]. This section aims to further develop the ideas by (i) introduc-
ing another set of equivalences; and (ii) defining precisely when two business process
diagrams are behavioural equivalent.

To capture the concept of equivalences of BPMN models, we begin with a definition
for inner-outer-DXG form. The inner-outer-DXG form is motivated by the need to re-
structure a BPMN process. The main idea is that the structure of a BPMN process can be
expressed as an alternative representation by swapping (i) an inner data-based exclusive
decision gateway with an outer data-based exclusive decision gateway and (ii) an inner
data-based exclusive merge gateway with an outer data-based exclusive merge gateway.
Based on this definition, we then present the IO-DXG-equivalence and its properties.

Definition 37 (Inner-outer-DXG Form) Let Py be a process where Qc, Csr, Scond
are replaced by Qcpy), [§F(p1), Scona®y)- If FO1, FO2 € Sy, A;, Aj € Fa, Gy,

G2 S FXDG’ G?); G4 S FXMG: C1, €2, - -+ Cm, Cm4-1, Cm+2, - -+ Cny Cntl € SCQﬂd(Pl)’
(FO1, G2), (G2, A1), (G, Az), ..., (G2, An), (Ga2, G1), (G1, Amt1), (G1, Amy2),



cou (G, Ap), (A1, Gy), (A2, Gy), ..., (A, Ga), (Amy1, G3), (A2, G3), ...,
(An, G3), (G3, G4), (G4, FO2) € Cgpery)» Poond((Ga, Ai)) = ¢i, Peona((G1, 4j)) =
¢j, Poond((G2,G1)) = cnt1, COgpey) = {(FO1, Ga), (Ga, A1), (G2, A2), ..., (G2,
An), (Ga, G1), (G1, A1), (G1, Apps2), - (G, Ay), (A1, Gy), (Ag, Gy), .., (A,
Ga), (Amt1, G3), (Ao, Gs), ... (An, G3), (G3, Ga), (Ga, FO2)}, SScoparen =
{em+1, Cm+2, - Cpy Cpr1t fori =1,...,mand j = m+ 1,...,n, then there is a
unique process Py which is in inner-outer-DXG form such that

— Qc, Csr, Scona are replaced by Q¢ py), Capy), Scong®a)s

— FOl, F02 GSF,

— A, Aj € Fa,

— Gl, G2 S F%DG’ G3, G4 c F%MG’

— €1, €2 oy Cmy Ck1l N\ Cnt 1y Cnkl N Cmt2y « o Cpp1 AN Cp, 1V 2 V...V ey €

SCond(P2>’

- (FOL Gl)’ (Glx G2)r (GQ’ Al)) (GQr AQ); ey (GQ» Am)r (Gl’ Aerl)’ (Gly
Aps2), o (G1, An), (A1, Ga), (Az, Ga), ..., (A, Ga), (G, G3), (A1,
Gg), (AerQ, Gg), e (An, Gg), (Gg, FOQ) € CSF(PZ)’

— Peond((G2, 4i)) = ci,
- ‘I)Cond((GhAj)) =cCpyp1 N Cj,
- (bCond((Gl? GQ)) =caVeV... Vo,

— CCgpry = {(FO1, G1), (G1, Ga), (G2, A1), (G, A3), ..., (Ga2, An), (Gy,
Aerl)» (Glx Am+2)’ s (Gl’ An)’ (Al’ G4)» (AQ’ G4)’ e (ATTM G4)’ (G4’
G3), (Am+1, G3), (Amt2, G3), ..., (A, G3), (Gs, FO9)},

— 88 cond®2) = {Cnt1 A Cmt1s Cnt A Cmg2, -0 Cngt Ao 1 Vea Voo Vep},
— Cgpry) = Cgpery) \ CCqpey) U CCgpery) and

- SCond(P2> = SCond(Pl) \ SSCond(P1> U SSCond(P2)

fori=1,...mandj=m-+1, ..., n.

The rationale behind this definition is to capture the concept that an equivalent repre-
sentation is obtained by (i) swapping a pair of inner data-based exclusive decision gate-
way and data-based exclusive merge gateway with a pair of outer data-based exclusive
decision gateway and data-based exclusive merge gateway; (ii) modifying the associated
conditional expressions from c; to ¢,41 A ¢j; (iil) adding a new conditional expression
c1 V ca V...V ¢y and (iv) deleting the conditional expression ¢,4+1. Swapping the
gateways repeatedly results in a unique process P» where no further transformation can
be applied.
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The intuitive meaning of the equivalence of BPMN processes is that two BPMN
processes are considered as equivalent if and only if there is a third BPMN process
that is the normal form of these two processes. Typically, an inner-outer-DXG form
is a normal form. Based on these concepts, the equivalence of BPMN processes is
formalized in terms of inner-outer-DXG form as the following definition.

Definition 38 (I0-DXG-equivalence) For any BPMN processes Py and P,, Py is 10-
DXG-equivalent to Ps, denoted by P, ~ %)XG P, if and only if there is a BPMN process
Ps5 such that Ps is an inner-outer-DXG form of Py and Ps.

Definition 38 states that two BPMN processes are IO-DXG-equivalent if they can be
convertible into a BPMN process which is in inner-outer-DXG form.

Proposition 1 The relation ~ }DOXG is transitive.

Proof. Suppose P, ~ {)(%(G Py and P, = {%(G Ps. Since P, = {)C;(G P Py~ })OXG
P5 and the normal form is a unique process, it follows from Definition 38 that Py is a
inner-outer-DXG form of Py, P> and Ps. Since Py is a inner-outer-DXG form of P, and

P3, we obtain Py = }D%G Ps. Thus, ~ }D%G is transitive. ]

Fig. 5. I0-DXG-equivalent BPMN processes



53

Proposition 2 The relation ~ }DOXG is an equivalence.
Proof. For reflexivity and symmetry, these follow immediately from Definition 38. Thus,

~ {)OXG is an equivalence as ~ {)OXG is transitive by Proposition 1. Il

Consider Figure 5 (a), a pair of inner data-based exclusive decision gateway and
data-based exclusive merge gateway is swapped with a pair of outer data-based exclusive
decision gateway and data-based exclusive merge gateway. The conditional expressions
c3 and ¢4 are changed to c5 A c3 and c5 A c4. A new conditional expression ¢; V ca
is added and the conditional expression c5 is removed as shown in Figure 5 (b). The
two BPMN processes (Figures 5 (a) and 5 (b)) are IO-DXG-equivalent since the BPMN
process in Figure 5 (c) is a normal form of them.

A BPMN process can be simplified through the elimination of a pair of inner data-
based exclusive gateways. A formal definition is given below.

Definition 39 (Eliminated-inner-DXG Form) Let Py, be a process where Qg, Qc,
Qpa, Fpra, Fria, Csr, Scond are replaced by Q¢ ey, Qe Qpaen)s Fpparen,
Fpiarn, Copen), Seopaen)- If FO1, FO2 € Sk, A;, Aj € Fa, G1, Go € F%DG’ G,
G4 S F%MG’ C1, €2, -+, Cmy Cint1, Cm42, + -+ Cny Cpy1 € SCOnd(Pl)’ (FOl, GQ), (Gg,
A1), (Ga, Ag), ..., (G, Ap), (Go, G1), (G1, Am+1), (G1, Am+2), - (G1, An), (A1,
Gy), (Ag, Gy), ..., (Am, Ga), (Ams1, G3), (Ao, G3), ..., (An, G3), (Gs, Gy), (G4,
FOs3) € Cypry), Poond((G2, Ai)) = ¢i, Poond((G1,4;)) = ¢, Poonda((G2,Gh)) =
cnt1, COgpey) = {(G2, G1), (G1, Apmt1), (G1, Apt2), - (G1, An), (A, Gs),
(A2, G3), ... (A, G3), (G3, Ga)}, SScona®) = {€m+1s Cmt2s -+ Cny Cag1} for
1 =1,...,mand j = m + 1,...,n, then there is a unique process P, which is in
eliminated-inner-DXG form such that

— Qa, Qc, Qpa, Fpra, Friac Csr, Scona are replaced by Qg py), Qary),
Qpgra)r Fppaear Fpiaes), Cspea), Scona®)

— FOl, F02 S SF,

— Ai, Aj c FA,

— G2 € FRpg, Ga € FRye,

— €1, €2, - Cmy Cpt1 N Ct1, Cng1 N\ Cm42, + - o, Cpg1 N\ Cp € SCond(P2>’

— (FOl, GQ), (GQ, Al), (Gg, AQ), Ceny (GQ, Am): (G2, Am-i—l), (GQ, Am+2), cee
(GQ) An); (Al’ G4)) (A2» G4)’ ce (Am: G4)’ (Am+1) G4)» (Am+2; G4)r ce
(An, G4), (G4, FOQ) S CSF(PQ),

— Poond((G2, 45)) = ¢4
— Peond((G2, 45)) = car1 Ay,

- CCSF(PQ) = {(GZ Aerl)’ (GZ’ Am+2)’ BT (GZ’ An)’ (Am+1» G4)’ (Am+2’
Ga), ..., (An, G4)},
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— 88 cond®2) = {Cnt+1 A Cmt1s Cng1 A Cmg2s -+ o Cngl A Crt
— Fppgry) = Fppgen \{G1},

- FPJG(P2) = FpJQ(P1> \ {G3}s

— CSF(P2) = CSF(Pl) \ OCSF(Pl) U CCSF(P2) and

- SCond<P2> = SCond(Pl) \ SSCond<P1> U SSCond(P2)

fori=1,...mandj=m+1,..,n.

Besides the swapping of a pair of inner data-based exclusive gateways with a pair
of outer data-based exclusive gateways as specified in Definition 37, an alternative way
to get an equivalent representation is to remove the pair of inner data-based exclusive
gateways and amend the conditional expressions from c¢; to ¢,41 A ¢; as stipulated by
Definition 39.

Definition 40 (EI-DXG-equivalence) For any BPMN processes P, and P», Py is EI-
DXG-equivalent to Ps, denoted by P ~ %IXG Py, if and only if there is a BPMN process
Ps such that Ps is an eliminated-inner-DXG form of P; and Ps.

The existence of ways for transforming two BPMN processes into a BPMN process
in eliminated-inner-DXG form implies that they are EI-DXG-equivalent (Definition 40).

Fig. 6. EI-DXG-equivalent BPMN processes

Proposition 3 The relation ~ %&G is transitive.
By similar argument as Proposition 1. O

Proposition 4 The relation ~ %IXG is an equivalence.

Proof. Analogous to Proposition 2. O
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As depicted in Figure 6 (b), the inner pair of data-based exclusive gateways is elimi-
nated to produce a semantically equivalent diagram that is less cluttered. The conditions
c3 and ¢4 (Figure 6 (a)) are replaced by the conditions c5 A c3 and c5 A ¢4 (Figure 6 (b)).

To capture the fact that the simplification of a BPMN process can be achieved by
removing a parallel fork gateway which connects a none start event to a collection of
flow objects, the following definition is introduced.

Definition 41 (Start-event-implicit-PFG Form) Let P, be a process where Qg, Qc,
Qpa, Fpra, Csr are replaced by Q ey, Qo) Qpaer), Fppaen, Copen), Fpaen
= Fppgen U Fric, Faen = Uiexaia,cay Fi U Fpgen, Spen = Fgep U
UiG{E,A} F;. IfFOl S SF(Pl), F € Fgﬁne, Gy € FPFG(Pl)’ (EOl, Gl), (Gl, FOl),
(Gl, FOQ), RN (Gl, FOn) S CSF(Pl), COSF(P1> = {(EOl, Gl), (Gl, FOl), (Gl,
FOs), ..., (G, FOy)} fori = 1,...,n, then there is a unique process P» which is in
start-event-implicit-PFG form such that

— Qa, Qc, Qpa, Fpra, CsF are replaced by Q. py), Qary), Qpga)s Fppa®a),
CSF(P2)3

— Fpary) = Fppgra U Fric,

— Fary = Uie{XG,IG,CG} Fi U Fpgrey),

— Spea) = Faren Ulicpay B

— FO; € Sy,

— Ey € FRgre,

— (E1, FOy), (Ey, FOq), ..., (E1, FOy,) € Cgp(ey),

— CCgpry) = {(E1, FOy), (Ey, FOy), ..., (E1, FO,)}

— Fppar = Cppgen \ {G1} and

— CSF(pg) = CSF(Pl) \ CCSF(Pl) U OCSF(pQ)

fori=1,..,n.

Through the elimination of a parallel fork gateway which its incoming and outgoing
sequence flows connect, respectively, to a none start event and a set of flow objects, an
equivalent representation is yielded by linking up the none start event with the set of
flow objects directly (Definition 41).

Definition 42 (SEImpl-PFG-equivalence) For any BPMN processes Py and Ps, P is
SEImpl-PFG-equivalent to Ps, denoted by P, ~ %%Iénpl P, if and only if there is a
BPMN process P53 such that Pj is a start-event-implicit-PFG form of P) and P5.

Proposition 5 The relation ~ g%lénp Vis transitive.

By similar argument as Proposition 1. O
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Fig. 7. SEImpl-PFG-equivalent BPMN processes

oes . __ SEImpl . .
Proposition 6 The relation ~ L, is an equivalence.

Proof. Analogous to Proposition 2. Il

Definition 42 specifies SEImpl-PFG-equivalence in terms of start-event-implicit-
PFG form. An example of SEImpl-PFG-equivalence is delineated in Figures 7 (a) and
(b).

Analogous method for the removal of a data-based exclusive merge gateway which
connects a collection of flow objects to a flow object is formally specified as provided
below.

Definition 43 (Implicit-DXMG Form) Let P; be a process where Qg, ¢, Qxa,
F)]%MG’ Csr are replaced by Q¢ p1), Qoey), Oxare), F%MG(PN’ Cypey), FXG(P1>
=Uico.r) Fxne U (FRyarn YF%Me) Faren =Uiepa capay Fi U Fxgen and
SF(PI) = Fgepn U Uie{E,A} F. IfFO; € SF(pl), Al € Fp, Gy € F)]ZEMG(Pl)’ (FOq,
Gl), (FOQ, Gl), ey (FOn_l, Gl), (Gl, Al), (Al, FOn) S CSF<P1)’ CCSF(Pl):
{(FO1, G1), (FO2, G1), ..., (FOp_1, G1), (G1, A1)} fori =1, ..., n, then there is a
unique process Py which is in implicit-DXMG form such that

— Qa, Qc, Oxa, F?MG, Csr are replaced by Q¢ p,), Qary), Qxary), F
Cspea),

D
XMG(P2)’

_ j D E
— Fxara) = Uie{D,E} Fypa U (Fng<P2> U FXMG)’

— Faey =Uicpe,capay Fi U Fxgea.

— Spey) = Faey UlUiemay Fi

— FO; € Sy,

— A1 € Fa,

— (FOu, A1), (FOy, A1), ..., (FOy_1, A1), (A1, FO,) € Cgpers),
— CCgppy) = {(FO1, A1), (FOq, A1), ..., (FOp_1, A1)},
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D _ D
T FXMG(P2> - FXMG(Pl) \ {G:1} and

— CSF(pQ) = CSF(Pl) \CCSF(Pl) U CCSF(PQ)

fori=1,...,n.

A BPMN process consisting of a data-based exclusive merge gateway with n — 1
incoming sequence flows and an outgoing sequence flow connecting to an activity can
be simplified by removing the data-based exclusive merge gateway such that the n — 1
incoming sequence flows link up directly with the activity (Definition 43).

Definition 44 (Impl-DXMG-equivalence) For any BPMN processes P, and P, P is
Impl-DXMG-equivalent to Ps, denoted by P) ~ {)n;(pl\l/[G P, ifand only if there is a BPMN
process Ps such that Ps is an implicit-DXMG form of P, and Ps.

Proposition 7 The relation ~ {DH;S\IAG is transitive.

Proof. By similar argument as Proposition 1. O

Proposition 8 The relation =~ gr}lg\lm is an equivalence.
Proof. Analogous to Proposition 2. O

Definition 44 sets out the interchangeability of a BPMN process comprising an ac-
tivity and a data-based exclusive merge gateway with multiple incoming sequence flows
as well as an outgoing sequence flow and a BPMN process consisting of the activity
with the multiple incoming sequence flows. Figures 8 (a) and (b) illustrate the concept
of Impl-DXMG-equivalence.

In addition to Definitions 39, 41 and 43, another technique for the simplification of
a BPMN process is defined below. Conceptually, a none start event, which connects to a
data-based exclusive decision gateway, is removable.

Definition 45 (DXDG-implicit-start-event Form) Let P, be a process where Qg, Qc,
Qsr, FRR™, Csr are replaced by Qgrey), Qary), Qgpen), Fls\lgﬁfl), Copey), Fypey) =

None % _ . _
FSE(Pl) U UieI‘SE\{None} Fgp, Fyey = Fggep U Uie{EE,IE} Fyand S, = Fge)

U UiE{G,C} Fz IfFOZ S SF(PI), E1 S Fg]f])?;l)’ Gl S F)I%DG’ (El, Gl), (Gl, FOl),

(Gl, FOQ), ce (Gl, F0n> S CSF(PI)’ (I)Cond((GlaFOi» = cifori =1, ..., n, then

there is a unique process Py which is in DXDG-implicit-start-event form such that

N N
— Qg, Qc, Qsg, F'gp™®, Csr are replaced by Qpe,), Qary), Qgpes), Fsgﬁ%),
CSF(PQ)’

__ r7None 2
- FSE(PQ) - FSE(PQ) U UiGFSE\{None} FSE’
— Fyey = Fspey UUicree ey Fo
— Spey) = Frey UlUieqacp £
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Fig. 8. Impl-DXMG-equivalent BPMN processes

— FO; € Spery),s

— G € F%DG’

— (G1, FOl), (Gl, FOQ), R (Gl, FOn) S CSF(PQ),
— Pcona((G1, FO;)) = ¢,

. FNone — FNonel) \ {El} and

SE(P2) SE(P
— Cgpry = Cgpeey \ {(E1, G1)}
fori=1,..,n.

Definition 45 says that a data-based exclusive decision gateway without an incoming
sequence flow is an alternative representation of a none start event connecting to the
data-based exclusive decision gateway.

Definition 46 (DXDG-ImpISE-equivalence) For any BPMN processes P, and P>, P;
is DXDG-ImplSE-equivalent to Ps, denoted by P, ~ Pn)li)]l)S(];E P, if and only if there is a
BPMN process P5 such that P3 is a DXDG-implicit-start-event form of P; and Ps.

DXDG

Proposition 9 The relation ~ ImpISE I8 transitive.

Proof. By similar argument as Proposition 1. O
Proposition 10 The relation ~ X0 is an equivalence.

Proof. Analogous to Proposition 2. ]

As stipulated by Definition 46, two BPMN processes are DXDG-ImplSE-equivalent
provided that there exists a sequence of transformations for generating a BPMN process
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Fig. 9. DXDG-ImplSE-equivalent BPMN processes

in DXDG-implicit-start-event form. Figures 9 (a) and (b) are an example of two BPMN
processes which are DXDG-ImplSE-equivalent.

Before the behavioural equivalence of business process diagrams is discussed, a for-
mal definition of structural equivalence is presented.

Definition 47 (Structural Equivalence) Let P; = (Qpe,), Qe Qaen, Qoen),

_ Att _ Bdy[-TX]
QE(P@’) - (QSE<PZ')’ QIE(Pi)’ QEE(Pi>’ (EE(Pi))' QA(Pi> - (QT(Pi)’ QSP(PD’ @IE(P” ,
Bdy[TX] &Att _ Att
CI)IE<Pi) ’ @A(Pi))’ Q(}(Pﬁ - (QXG(Pi)’ QIG(Pi)’ @CG(Pz‘)’ (I)pc;(Pw’ (I)G(Pi))’ QC(Pi)
_ Att _
= (Apory, Cspror Cpas Scona®r Poona®or Preprras Pom,): Qspen =

None Msg Timer Cond Sign Multi _ None Msg
(F (P;)’ FSE(P-)’ F E®:)’ FSE(P )? FSE P;)’ FSE(P )) QIE(Pz‘) = (FIE(P E IEP;)’

FMSg FTlmer FErrP 3 FCnCl FCmpen FCmpen FCond FLink }71L1nP " FSIgﬂ

IE(P:)” ~ IE(F) IE(P) © [E®F) > 7 [EF) 7 IEF) T [EF) IE(P:)’
Sign Multi Multi _ None Msg Err Cncl Cmpen
FIE(P )’ FIE(Pz‘)’ F1E<P»))’ Qppen = (FEE(Pz‘)’ FEE(P FEE<P2’)’ FEE(Pi>’ FEE Pi)?

Sign T Multi _
Foowy Fapeo Fapen) Qpeo = (Freo, @oyeos Prygpe®or PrName®n )

— Embed Reuse Bdy Bdy

Qsp(ﬁ-) - (FSP(Pi)’ FSP(Pi)’ FSP(P ) ISTX<P1)’ CI)SPM(Pﬁ: (I)SE(Pi)’ (I)EE<Pi>’ (I)NP(Pi)»
— D D E E

Ppey), (I)RP(Pﬁ)’ QXG(Pi> - (FXDG(Pi>’ FXMG(Pi)’ FXDG(Pi)’ FXM(;<PZ'))’ QIG(Pvﬁ)

= (FIDc;(Pn: FIMG(Pi))’ cham = (FCD(;(PZ-% FCMG(Pi))’ QPG(Pi) = (FPFG(PU’
Fpiaen) Tcar = {E,A,G,C}, I'payrx = {Bdy[-TX],Bdy[TX]} and Iniisc =
{Cond, IsDf, TM, Ttype, TName, IsTX, SPM, NP, P, RP} fori =1,2. P; and
Py are structural equivalent, written Py = Py, if and only if (Apgr,) = Apory))
A (/\ie{SF,DA} Cipp = Ci(P2>) A (Scond(Pl) = SCon(i(PQ)) A (AiEFSE FZSE(Pl) =
F’L E®2) ) A (/\iEFIEUFﬁ F_‘;E(Pl) = F;E(p2)) A (/\ieFEE F;EE(PI) = F%E(p2)) A (FT(Pl)
- FT<P2)) N (/\iersp Flsp(m) = Fép(Pz)) A (/\ieFXT /\jeFXG FJZ<P1) = F;(Pg)) A
_ A A
(/\iE(FIGuFCGqug) Fi(Pl) - Fi(PQ)) N (/\iercat (I)Z(%tﬂ Q)7,<92)) (/\iEFdeTX
i i Bd
(I);E(Pl) = @;E(Pg)) A (/\ieFMiSC q)¢<P1) = ‘I)¢<P2>) A (/\zG{SE EE} @Z(Pl) (I)Z»(p};))-

Two BPMN processes are regarded as structural equivalent if they have (i) the same
sets of data objects, sequence flows, directed associations, conditions, events, tasks, sub-
processes, gateways and attributes; and (ii) the same results for all functions.
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Proposition 11 The relation = is transitive.
Proof. By similar argument as Proposition 1. O

Proposition 12 The relation = is an equivalence.
Proof. Analogous to Proposition 2. O

We introduce a notation P —* P’ to represent the transformation of process P into
a unique process P’ through one or more applications of the inner-outer-DXG form,
eliminated-inner-DXG form, start-event-implicit-PFG form, implicit-DXMG form or
DXDG-implicit-start-event form.

Dflzﬁnition 48 (Behavi?ural Equivalence)1 LetlBPDl = (S%)OOL, Si @%,O?LHP,
Cyr), POOL; € Spoor Pi(D1>PO€OLSP’ @POOLﬁP(igg/Li) = By, Oyr =
2
Uroor,,poorsest,, ({PNamePO%k)} x {PNamePOOr2)}), BPDy = (Spoor,
Sp, (IJI%OOLHP’ Cip). POOL; € SI%OOL’ Loy € St (I)I%OOLHP(POOLi) = Pjn,),

Clir = UPOOLl,POOLQeSI%OOL ({PNamePOOL1)} x { PNamePOOT2)}) and Oy, =

Cl%/IF fori=1,...,n. BPD| and BPD3 are behavioural equivalent, written, BPD =
BPDo, if and only if (Pyn,) = Pyn,)) V (PZ»(Dl) = PZ»(DQ)) where Pyp,) —* PZ-(Dl) and
Py =" Pp, fori=1,...,n

The motivation for introducing behavioural equivalence is to formally describe when

a business process model is a substitute for another business process model.

Proposition 13 The relation = is transitive.
Proof. By similar argument as Proposition 1. ]

Proposition 14 The relation = is an equivalence.
Proof. Analogous to Proposition 2. O

Having established a formal foundation for the equivalences of BPMN models, we
shift the emphasis away from theoretical aspect to the applicability and practicality of
the mathematical framework. In Figures 10 and 11, two business process diagrams
which are structurally different are delineated. The discrepancies lie in the fact that they
have different numbers of data-based exclusive decision gateways, data-based exclusive
merge gateways and sequence flows.

Business process diagram 1 (Figure 10) is composed of two pools: Pool; and Pools.
The pool Pool; contains a BPMN process that can be restructured and simplified through
a sequence of transformations based on Definitions 37, 39, 43 and 45. The application
of Definition 45 with the objective of eliminating the none start event results in an equiv-
alent BPMN process in DXDG-implicit-start-event form as shown in Figure 12.

By swapping the pair of inner data-based exclusive decision gateway and data-based
exclusive merge gateway consisting of outgoing and incoming sequence flows to and



P00|1

P00|2

Fig. 10. Business process diagram 1

P00|1

C17AC1g LJA“:’

POO'z

Fig. 11. Business process diagram 2
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C17AC1g (Are)

5 {Aa}—

C21

Pool;

C22AC23

C22/Co4 (A2s)

Pool,
Q
~
> §> &
O

Fig. 12. Business process diagram 3

from the activities A5 and Ag with the pair of outer data-based exclusive decision gate-
way and data-based exclusive merge gateway comprising outgoing and incoming se-
quence flows to and from the activities A3 and A4, an equivalent BPMN process is
obtained as depicted in Figure 12. The condition expressions cg and c7 are changed to
cs N\ cg and c5 A cr, respectively. A new conditional expression c3 V ¢4 is added to the
incoming sequence flow of the data-based exclusive decision gateway (Figure 12). The
conditional expression c5 (Figure 10) is deleted in accordance to Definition 37.

Consider the inner data-based exclusive decision gateway associated with condi-
tional expressions c11 and cj2 and the corresponding data-based exclusive merge gate-
way as well as the outer data-based exclusive decision gateway associated with condi-
tional expresssions cg, cg and cjp and the corresponding data-based exclusive merge
gateways (Figure 10). An application of Definition 37 yields an equivalent BPMN
process in inner-outer-DXG form as illustrated in Figure 12.

Two successive applications of Definition 43 eliminate the two data-based exclusive
merge gateways that connect, respectively, to the activities Aj3 and Agg. The resulting
BPMN process, which is in implicit-DXMG form, is produced as delineated in Fig-
ure 12.

Applying Definition 39, the inner data-based exclusive gateway associated with con-
ditional expressions cig and cj9 and the respective data-based exclusive merge gateway
are eliminated to generate an equivalent BPMN process in eliminated-inner-DXG form
(Figure 12). A repeated application of Definition 39 to remove the inner data-based ex-
clusive decision gateway associated with conditional expressions co3 and ca4 along with
the corresponding data-based exclusive merge gateway, we get an equivalent BPMN
process in eliminated-inner-DXG form as shown in Figure 12.



63

The parallel fork gateway with incoming sequence flow from the none start event
in pool Pools is removed to obtain an equivalent BPMN process in start-event-implicit-
PFG form as depicted in Figure 12 in accordance to Definition 41. Combining all these
transformations together gives the business process diagram in Figure 12.

In the same spirit, the inner data-based exclusive decision gateway associated with
conditional expressions cg and c7 (Figure 11) as well as the respective data-based exclu-
sive merge gateway are swapped with the outer data-based exclusive decision gateway
associated with conditional expressions cs, ¢4 and c5 along with the corresponding data-
based exclusive merge gateway based on Definition 37. The pair of inner data-based
exclusive gateways connecting the activities Aso and Aog is eliminated in accordance to
Definition 39. The data-based exclusive merge gateway with incoming sequence flows
from the activities As4 and Aos is removed through the use of Definition 43. The trans-
formed diagram is depicted in Figure 13.

P00|1

C17/C1g (Ao

POOlz

Fig. 13. Business process diagram 4

According to Definition 47, the two BPMN processes in Pool; of Figures 12 and 13
are structural equivalent. Likewise, the two BPMN processes in Pooly of Figures 12
and 13 are also considered as structural equivalent. The business process diagrams in
Figures 12 and 13 are behavioural equivalence as stipulated by Definition 48. Informally,
we say that the two business process diagrams have the same behaviour even though they
are represented in different forms.
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6. Conclusions and Future Work

The theoretical and practical aspects of the equivalences of UML activity diagrams
and BPMN processes are examined in our two recent studies [3, 4]. Nonetheless, there
remains an unsettled question on how to determine the equivalence of two BPMN mod-
els. This paper closes the gap by advancing a theory of substituting equals for equals.

In summary, we have built a mathematical framework for BPMN. Various
sorts of equivalences including 10-DXG-equivalence, EI-DXG-equivalence, SEImpl-
PFG-equivalence, Impl-DXMG-equivalence, DXDG-ImplSE-equivalence and struc-
tural equivalence have been furnished. The behavioural equivalence of business process
diagrams has been explored from a formal perspective. An illustrative example has been
utilized to demonstrate the practicality of the proposed framework.

Following this thread of work, we aim to further develop it along several tracks:

(i) the automation of the detection for BPMN processes and BPMN models that are
interchangeable;

(ii) the construction of software tools for yielding equivalent BPMN processes and
BPMN models;

(iii) the assessment of the disciplined approach by means of real-life business
processes; and

(iv) the identification of other types of equivalences.
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