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Abstract The paper presents the results of calculations related to de-
termination of temperature distributions in a steel pipe of a heat exchanger
taking into account inner mineral deposits. Calculations have been carried
out for silicate-based scale being characterized by a low heat transfer co-
efficient. Deposits of the lowest values of heat conduction coefficient are
particularly impactful on the strength of thermally loaded elements. In
the analysis the location of the thermocouple and the imperfection of its
installation were taken into account. The paper presents the influence of
determination accuracy of the heat flux on the pipe external wall on tem-
perature distribution. The influence of the heat flux disturbance value on
the thickness of deposit has also been analyzed.
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Nomenclature

C1, C2, D1, D2 – integration constants
q̇ – heat flux density, W/m2

r – radius, m
th – thickness, m
T – temperature in the pipe, oC
T̃ – temperature in the deposit, oC
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Greek symbols

α – heat transfer coefficient, W/(m2K)
δ – distance, m
∆ – accuracy
λ – heat conduction coefficient, W/m K

Subscripts

f – water
d – deposit
i – inner wall of the pipe
o – outer wall of the pipe
P – pipe

Superscripts

∗ – location of the thermocouple

1 Introduction

The aim of this study is to determine temperature distributions inside the
diaphragm of a heat exchanger and in a deposit, which depend on the
thickness of the deposit in the heat exchanger pipes. Experience of heat ex-
changers users indicates the need to predict the thickness of the boiler scale
being responsible for the structure damage [10]. Water-originated boiler
scale is deposited on walls of heat exchangers. Depositing scale causes a lo-
cal increase in temperature gradient and, as a consequence, a development
of thermal stresses. The value of additional thermal stresses depends on
the heat transfer coefficient of the scale, i.e., the chemical composition of
deposits. Calcium carbonate-, calcium sulfate-, and calcium silicate-based
scales form an insulation layer inside pipes that obstructs the heat transfer,
which leads to a growth in temperature of pipes and an increase in thermal
loads [4]. This is the reason for malfunctioning of a variety of elements of
heat exchangers. In order to prevent the elements from operation under the
risk of damage it is necessary to monitor the depositing boiler scale and the
distribution of temperature in the elements particularly exposed to over-
heating [5]. Diagnosing the thickness of deposits is often difficult because it
is impossible to measure the temperature on the pipe outer wall that may
be in contact with flame or exhaust gases. The work of the heat exchangers
was analyzed using the method of the inverse problem [8]. Complexity of
heat transfer results in a great measurement uncertainty. An alternative
could be the measurement of temperature inside the diaphragm and search-
ing for the value of temperature on the outer surface of the pipe by solving
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the inverse problem. The inverse method allows calculating the thickness of
the scale. Calculations related to determination of the heat flux have been
described in papers [3,9]. This method allows determining the temperature
distribution in the pipe and in the scale. While carrying out the calcula-
tions, the influence of thermocouple location in the steel diaphragm, the
installation error and the accuracy of heat flux determination on the pipe
outer wall on the sensitivity of obtained temperature distributions [2] was
taken into consideration.

2 Calculation model

The investigation was divided into two stages. The first stage focused on
searching for the temperature distribution in the diaphragm material and
in the deposit by solving the inverse heat conduction problem. The second
stage focused on determining the influence of the sensitivity of thermocouple
location, installation error and the accuracy of heat flux determination on
the accuracy of the obtained solution. Figure 1 presents geometric scheme
of the case under consideration. The cylindrical diaphragm of the inner
radius ri and the outer radius ro is covered on the inner side with a boiler
scale of a varied thickness of the radius rd. The thermocouple is located on
the radius r∗.

Due to the axial symmetry of thermal field in the pipe and in the scale,
for the stationary case this field is described by the equation

d2T

dr2
+

1

r

dT

dr
= 0 , (1)

whose general integral takes the following forms:

• in the pipe
T = C1 ln r + C2 for ri ≤ r ≤ ro , (2)

• in the scale
T̃ = D1 ln r +D2 for rd ≤ r ≤ ri . (3)

Integration constants in the general solutions (2) and (3) were determined
from the conditions:

• temperature at the measuring point r = r∗ under the surface of the
pipe outer wall equals to

T (r = r∗) = T ∗ hence T ∗ = C1 ln r
∗ + C2 , (4)
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Figure 1: Cross section scheme of a pipe with boiler scale.

• heat flux density on the outer wall of the pipe
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• temperature on the outer wall of the scale being equal to the temper-
ature of the pipe inner wall

T (r = ri) = T̃ (r = ri) = Ti hence Ti = D1 ln ri+D2 = C1 ln ri+C2; ,
(6)

• heat flux density on the inner wall of the pipe

q̇i = −λP
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∂r

∣

∣
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= λd
∂T̃

∂r

∣

∣

∣

∣

∣

r=ri

. (7)

Taking the conditions (4)–(7) into consideration, integration constants are
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equal to:

C1 =
q̇oro
λP

, C2 = T ∗ − q̇oro
λP

ln r∗ , C1 =
q̇oro
λd

,

D2 = T ∗ + q̇oro

(

ln
(

ri
r∗

)

λP
− ln ri

λd

)

, (8)

which allows determining the temperature distribution in the pipe and in
the scale. The temperature distribution in the pipe is described by the
function

T (r) =
q̇ro
λP

ln(r) + T ∗ − q̇ro
λP

ln r∗ for ri ≤ r ≤ ro , (9)

and in the boiler scale by the function

T (r) =
q̇ro
λP

ln(r) + T ∗q̇oro

(

ln
(

ri
r∗

)

λP
− ln ri

λd

)

for rd ≤ r ≤ ri . (10)

The deposit thickness thd = ri − rd has been determined based on the
condition

q̇d|r=rd = −λd
∂T̃

∂r

∣

∣

∣

∣

∣

r=rd

= αf

[

T̃ (r = rd)− Tf
]

, (11)

where the value of heat transfer coefficient αf and fluid temperature Tf
are known. Having inserted relations (10) to (11) the following nonlinear
equation against the unknown radius rd of the deposit is obtained

q̇o
ro
rd

= αf

[

T ∗ + q̇oro

(

ln ri
r∗

λP
+

ln rd
ri

λd

)

− Tf

]

. (12)

The unknown value of radius rd has been determined using the Newton
iterative method [6].

The second stage of the research analyzed the sensitivity of the solu-
tion to the function of temperature distribution in the pipe T (T ∗, r∗, q̇o)
and T̃ (T ∗, r∗, q̇o) in the scale on disturbances resulting from deviations of
the thermocouple location (the localization error), the inaccuracy in the
temperature measurement on the radius r∗ as well as the influence of the
inaccuracy in determination of the heat flux density transferred on the outer
surface temperature. Errors in determining the temperature distribution in
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the pipe ∆T (T ∗, r∗, q̇o) and ∆T̃ (T ∗, r∗, q̇o) in the scale could be estimated
using a total differential of these functions. Approximating them locally
through a linear function we obtain values that are the measures of the
function sensitivity to disturbances of arguments. Hence, in order to deter-
mine the sensitivity of the solution of temperature distribution in the pipe
and in the boiler scale, determination of the derivatives is needed:

∂T

∂T ∗
=

∂T̃

∂T ∗
= 1 ,

∂T

∂r∗
= − q̇oro

λP

1

r∗
,

∂T

∂q̇o
=

ro
λP

ln
( r

r∗

)

,

∂T̃
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= − q̇oro

λP

1

r∗
,

∂T̃

∂q̇o
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ro
λd

ln r + ro
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)

λP
− ln ri

λd

)

. (13)

Accuracy in determination of the temperature distribution depends on the
partial derivatives of functions T and T̃ against T ∗, r∗ and q̇o as well as
on the accuracy of the temperature ∆T ∗ determination, thermocouple ∆r∗

location and the accuracy of the heat flux determination on the outer wall
∆q̇o [1]. Hence,
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and
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Therefore, when replacing values (13) in Eqs. 14) and (15) we obtain
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and
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(17)
Accuracy values of functions of temperature distribution in the diaphragm
(16) and in the deposit (17) have been limited in advance by the values of
errors ∆T ∗, ∆r∗, and ∆q̇o, taking derivatives (13) into consideration.
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3 Assumptions for the calculations

In order to determine the scale thickness a boundary (maximum) tempera-
ture level T ∗ at point r∗ corresponding to the temperature on the surface
of 580 oC should be determined. Based on the inverse method [7] the tem-
perature on the outer wall of the pipe was determined depending on the
thickness and type of the deposited boiler scale (Fig. 2a). For the discussed
pipe geometry and the assumed boiler steel, the maximum temperature
value at the measuring point was 579 oC (Fig. 2b).
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Figure 2: Change of temperature To and T ∗ as a function of boiler scale thickness and
its type; maximum temperature on the pipe outer wall – 580 oC [7].

In the analysis the value of heat flux density transferred to the di-
aphragm and the same temperature and heat flux density at deposit-di-
aphragm contacts were assumed. In the further part of the paper the anal-
ysis was carried out for a case of heating the steel pipe of the following
dimensions: ro = 0.025 m, ri = 0.017 m, and for the heat conduction co-
efficient λP = 45 W/mK. The calculations were carried out for the silicate
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boiler scale of the thickness of thd = 2.8 mm and the heat conduction coef-
ficient λd = 0.3 W/mK. The water temperature was Tf = 120 oC and the
heat transfer coefficient on the water’s side was αf = 6000 W/m2K. The
heat flux on the pipe outer wall was 31 kW/m2.

4 Results of the analysis

The accuracy in determination of the temperature distribution in the pipe
with the boiler scale and in the boiler scale depends on the thermocouple
location, r∗, precision of thermocouple location, ∆r∗, thermocouple ∆T ∗

measurement accuracy and the accuracy in determination of the value of
heat flux on the pipe outer surface.
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Figure 3: Influence of precision of thermocouple location on the accuracy of the solution
of temperature distribution.

The analysis of how the precision of the thermocouple location influ-
ences the accuracy of temperature ∆T determination was performed. It
was assumed that the thermocouple is located 2 mm under the surface
of the pipe outer wall and the measurement is made with the accuracy
|∆T | = 0.5 oC. The analysis of the problem was carried out for the accu-
racy in determination of the heat flux on the outer wall |∆q̇o| = 1000 W/m2.
The analyzed deviations in the thermocouple location |∆r∗| were 0.3, 0.5,
and 0.7 mm. Irrespective of ∆r∗, temperature distributions |∆T | were only
slightly different, as shown in Fig. 3. This means that in the analyzed case
the influence of precise placement of the thermocouple on the sensitivity
of the solution is negligibly low. Of more importance on the temperature
determination is the accuracy of temperature measurement made using the
thermocouple. This dependence has been presented in Fig. 4 showing the
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sensitivity of the solution at the assumed r∗ = 0.023 m, |∆r ∗ | = 0.5 mm
and |∆q̇o| = 1000 W/m2. Distributions describing the relation between
the thermocouple ∆T ∗ accuracy (from 0.3 to 0.7 oC) and the sensitivity
of determination of the temperature distribution are parallel; and the dif-
ferences correspond to the assumed thermocouple measurement accuracies.
This results from the linear dependence between the sensitivity of temper-
ature measurement made using the thermocouple ∆T ∗ and the accuracy of
the function of temperature distribution in the pipe and in the boiler scale.
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Figure 4: Influence of the thermocouple accuracy on the accuracy of the solution of tem-
perature distribution a) in the diaphragm material b) in the deposit.

From the measurement point of view, determination of the heat transfer
coefficient on the outer side is the most difficult. It determines the amount
of transferred heat and has a significant influence on the accuracy of the ob-
tained solutions. For r∗ = 23 mm, |∆T ∗| = 0.5 oC and |∆r∗| = 0.5 were as-
sumed. When the distance from the pipe outer wall where the heat flux was
determined increases, the error of temperature determination |∆T | grows
exponentially, as shown in Fig. 5, and for |∆q̇o| = 1500 W/m2 on the boiler
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scale surface it reaches a temperature close to 25 oC. For the analyzed case
the accuracy of the temperature determination on the wall of the boiler
scale of the radius rd is one order of magnitude smaller than at the boiler
scale-pipe contact point (Fig. 5). Hence, the error of the heat flux deter-
mination has a major influence on the accuracy of determination of the
function of temperature distribution in the boiler scale.
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Figure 5: Influence of the accuracy in determination of the heat flux on the accuracy of
the solution of temperature distribution: a) in the diaphragm material b) in
the deposit.

The accuracy of temperature determination on the pipe outer wall sub-
jected to the greatest thermal loads depends mainly on the location of ther-
mocouple r∗, and thus, on the distance of the thermocouple from the pipe
outer wall δ∗ = ro − r∗. It is advantageous to place the thermocouple pos-
sibly close to the pipe outer wall to accurately determine the temperature
on the outer wall of the pipe. This relation is shown in Fig. 6.

While making calculations, a simulation of temperature and heat flux
distributions dependent on the scale deposit thickness was made. Measure-
ment error of the heat flux on the outer wall of the tube, being the result of
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Figure 6: Influence of the thermocouple location on the accuracy of the solution of the
temperature distribution.
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Figure 7: Influence of the heat flux density disturbance on the determined deposit thick-
ness a) for the measurable values of the heat flux density b) for the relative
values of the heat flux density.

low accuracy of the measurement method, was analysed. For the analysed
value of the heat flux density (on the edge) equal to q̇o = 31 kW/m2, the
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values of the silicate-based scale thickness thd = 2.8 mm and the difference
in the obtained value of the deposit thickness ∆thd were calculated with
the disturbance of the heat flux measurement equal to ±15% (Fig. 7).

For the heat flux density of 35.65 kW/m2, constituting 115% of the value,
the deposit thickness equals to approx. 2.4 mm and it is 0.3 mm lower than
the value at which the boiler should be shut down. An error in calculation
q̇o may lead to premature closing down the boiler for descaling, what results
in economic losses. When the determined value q̇o = 31 kW/m2, i.e. is 15%
higher than it actually is (26.35 kW/m2), the thickness of deposit equals
to 3.2 mm and it is 0.4 mm higher than the calculated maximum deposit
thickness not leading to the tube damage. The silicate-based scale thickness
g = 3.2 mm is corresponded by the temperature of the outer wall To above
600 oC which causes the diaphragm damage.

5 Conclusions

The paper presents the results of the analysis of temperature distributions in
the wall of a heat exchanger tube with boiler scale precipitating from water
on the pipe inner side. The analysis was performed for a heat flow through
a steel pipe of the heat exchanger covered with three different types of boiler
scale. Calculations were performed taking the following into account: inac-
curacy in temperature measurement in the pipe material, inaccuracy in the
thermocouple installation and for the variable heat flux transferred through
the baffle. The first part of the paper was dedicated to determination of the
thickness of the boiler scale through analysis of the inverse heat conduction
problem. In the second one, the sensitivity of temperature distribution was
analyzed depending on the obtained measurement accuracy. The accuracy
of the solution of temperature distribution in the steel pipe of the heat
exchanger covered with mineral deposits depends primarily on the precise
determination of the heat flux on the pipe outer wall. The method requires
a precise determination of this flux because any disturbance of the value
may result in far too low estimation of the temperature value on the pipe
outer surface, which leads to a damage of the heat exchanger pipes.
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